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Multiplicative Moments and Measures of Persistence in Ecology
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Ecologists and epidemiologists have begun focusing on demographic stochasticity and spatial
heterogeneity as important biological factors. With high-powered computers simulation of
such systems is a common modelling technique; however we lack a detailed understanding of
the processes involved. Moment closure approximations provide a simple method which can
be used to capture the main features of a wide variety of stochastic models and to gain a
more intuitive understanding. In this paper we give an alternative variation based on multipli-
cative moments which is equivalent to taking a novel third-order cumulant approximation.
The di!erential equations for these multiplicative moments are far more robust than their
additive counterparts. We use this technique to consider the behaviour and persistence of "nite
metapopulations for two common ecological systems.
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Introduction

For many years, ecological and epidemiological
theory has been dominated by deterministic
equations and the "xed points or other forms of
attractor that are predicted. More recently it has
been realized that, due to the individual nature of
the elements involved and the in-built stochastic-
ity of the interactions, no biological system con-
forms to this deterministic ideal (Bartlett, 1956;
Durrett & Levin, 1994; Bolker et al., 1997). Once
the essential stochasticity of a system has been
acknowledged, the persistence of populations be-
comes an important consideration. For deter-
ministic systems, it is common for the absence of
a population to be an unstable "xed point*so
from any non-zero state all populations persist.
However, for stochastic integer-based popula-
tions, chance events may cause the number of
individuals to hit zero, after which recovery can
*E-mail: matt@zoo.cam.ac.uk
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only come from an external source. A population
is said to persist if such extinction events are rare.

Spatial heterogeneity has been considered as
a major factor in the greater persistence of natu-
ral systems compared to simple models (Hassell
& May, 1974; Hassell et al., 1991; Grenfell et al.,
1995; Keeling, 1997). One of the simplest and
therefore most common forms of incorporating
space into mathematical models is the use of
metapopulation or patch models (Gilpin &
Hanski, 1991; Hanski & Gilpin, 1997; Grenfell
& Harwood, 1997). These frequently take the
form of local interactions within each sub-popu-
lation together with coupling between the sub-
populations (Keeling, 1999). Most theoretical
studies have assumed a classical Levins-type
metapopulation (Levins, 1969) where internal dy-
namics are ignored and each sub-population is
considered to be in one of two states, empty or
occupied (Gilpin & Hanski, 1991; Hanski &
Gilpin, 1997; ter Braak et al., 1998). Here we
consider full stochastic metapopulations where
( 2000 Academic Press
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there are an integer number of interacting indi-
viduals within each subpopulation (cf. Grenfell
& Bolker, 1998; Lande, 1998; Swinton et al.,
1998), and it is these stochastic interactions that
lead to localized extinctions.

The standard view is that stochasticity in-
creases the likelihood for a population to go
extinct, but that spatial heterogeneity promotes
persistence. In this paper we categorize extinc-
tions into two distinct classes, local and global.
Local extinctions are situations where an organ-
ism has died out within a small localized habitat
(a subpopulation), whereas global extinctions re-
fer to the complete loss of the organism (e.g. the
species is absent from the entire metapopulation).
In conservation terms, a localized extinction may
be worrying but is reversible, whereas with global
extinctions the species is lost forever. When con-
sidering a disease, local extinctions at the com-
munity scale are common place, and it is global
eradication that is the goal of vaccination pro-
grams. These two forms of extinction will be
shown to behave very di!erently under changes
in the model parameters.

Although large-scale computer simulations are
often extremely useful, they are usually speci"c to
a given problem; here we seek analytical results
from which we can develop a generic and intu-
itive understanding. To model the full dynamics
of a stochastic system, we in general need an
in"nite set of ODEs (the master equations) which
describe the probability distribution for every
possible populations size. However, the dynamics
of many ecological systems is often low-dimen-
sional (Ellner & Turchin, 1995) and therefore the
master equations contain vast amounts of re-
dundant information. An alternative is to change
basis, and consider the dynamics on the space of
moments rather than on the space of probability
distributions. For many biological systems, all
the important information is contained within
the "rst few moments, with higher-order mo-
ments either negligible or tending to "xed
measurable quantities (Isham, 1995; Bolker
& Pacala, 1997).

The usual moment closure assumption is to
ignore third-order cumulants (by setting them to
zero); this should be expected to perform better
than standard deterministic models which ignore
second order cumulants and concentrate exclus-
ively on the mean. However, this assumption can
frequently lead to unrealistic (negative or com-
plex) population sizes or unbounded growth.
Here we introduce the concept of multiplicative
moments (cf. Keeling et al., 1997), where the
natural third-order approximation leads to more
biologically acceptable behaviour.

Moment closure techniques have generally
been used to consider either the average behav-
iour of a single stochastic population or in"nitely
many coupled populations. This paper examines
the behaviour of a ,nite sized metapopulation,
so that equations need to be developed for the
moments at both the subpopulation and meta-
population levels. Looking exclusively at the
equilibrium dynamics, and comparing theoretical
results with stochastic simulations, we formulate
measures for the local and global persistence of
a population.

A Simple Stochastic Population

The logistic model is one of the most simple
ecological models and one of the most widely
used,

dx
dt

"bx!dx2. (1)

It has a "xed point at x"0, which is unstable,
and a non-trivial stable "xed point at x"b/d
(cf. carrying capacity).

When moving from a deterministic to a
stochastic framework, even the simple logistic
model has numerous interpretations. Here we
insist on a constant birth rate per individual
(b#a), but a density-dependent death rate
(dx#a). Naturally in the deterministic formula-
tion the a terms in the birth and death rates
cancel, so the deterministic equations are una!ec-
ted by the value of a. However, in the stochastic
model, although the expected rate of change is
independent of a, having a large a means that on
average more events occur per unit time. There-
fore, this extra a component increases the
amount of stochasticity experienced.

Assume that many realizations of the stochas-
tic model are performed; although we cannot
predict the outcome of any one realization, the
ensemble average over in"nitely many realiz-
ations should behave deterministically. The
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master equation for the distribution of popula-
tion sizes is

dD
x

dt
"(b#a) (x!1)D

x~1
#(dx#d#a) (x#1)D

x`1

!(b#a#dx#a)xD
x

∀x*0,

D
x
"0 ∀x(0.

Let S ) T represent the ensemble average of any
given quantity, e.g.

S f (x)T"+
x

D
x

f (x).

We can now "nd di!erential equations for the
behaviour of the mean population level, X,

X"SxT, (2)

dX
dt

"T +
%7%/54

rate of event

]change to x due to eventU
"S(a#b)x](#1)#(ax#dx2)](!1)T

"bSxT!dSx2T

"bX!dX2!d<. (3)

Notice that the mean of x2 (Sx2T) has been de-
composed into the square of the mean (SxT2) plus
the variance (< ). Occasionally, our understand-
ing of the biology means that we can approxim-
ate the variance in terms of known quantities or
from available data. However, in general, we
must treat the variance as another unknown
parameter, and formulate di!erential equations
for its evolution:

<"S(x!X)2T"Sx2T!X2, (4)

d<
dt

"S(a#b)x(2x#1)

#(ax#dx2) (!2x#1)T!2X
dX
dt
"2(a#b)Sx2T#(a#b)SxT!2dSx3T

!2aSx2T#dSx2T#aSxT

!2X(bX!dX2!d<)

"b(2<#X)

!d(4X<#2¹!X2!<)

#2aX, (5)

where ¹ is the third-order cumulant of x. Here
the standard moment-closure approximation is
to ignore ¹, which is equivalent to assuming
a Gaussian distribution (Whittle, 1957). How-
ever, as discussed below, setting third-order mo-
ments to zero is fraught with di$culties and can
lead to negative average densities. Instead, by
writing products in terms of multiplicative rather
than additive moments (cf. Keeling et al., 1997),
this di$culty can be removed. As discussed
below this is equivalent to assuming a log-normal
distribution.

Writing multiplicative moments with hats, for
the mean of x2 we "nd,

Sx2T"X2#<"X2<K N <K "1#
<
X2

,

then we shall take

Sx3T"X3#3X<#¹"X3<K 3¹K .

The simplest assumption about the multiplicative
third-order cumulant (¹K ) is that it is unity; this
leads to

X3#3X<#¹"X3 A1#
<
X2B

3
,

¹"3
<2

X
#

<3

X3
. (6)

The standard assumption, that the higher-order
additive cumulants are all zero, leads to a Gaus-
sian distribution*although this is not precise if
we wish the distribution to only be de"ned on the
positive integers. It will now be shown that the
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log-normal distribution has the same moments as
our multiplicative assumption, and therefore the
two distributions are equivalent. Assuming that
all higher-order multiplicative cumulants are
one,

N SxnT"Xn<K n (n!1)/2 . (7)

Calculating moments for the log-normal distri-
bution we have

SxnT"P
=

0

xn S
j
n

e!j ln (ax)2

x
dx

"S
j
n P

=

~=

eny e!jy2

an
dy

"A
1
aB

n
(e1@4j)n2 . (8)

Therefore, matching terms in eqns (7) and (8), we
"nd that our multiplicative assumption is equiva-
lent to a log-normal of the form,

D(x)"
1
x

exp A
1

2 ln (<K ) Cln A
J<K x

X BD
2

B
which has mean X and variance X2(<K !1) as
required.

Although we could substitute eqn (6) into the
variance eqn (5), it will be mathematically simpler
to reformulate all equations in terms of multipli-
cative moments and ignore ¹K (by setting it equal
to one). Hence, after some algebra, our new equa-
tions for the mean and multiplicative variance
are

dX
dt

"bX!dX2<K , (9)

X2
d<K
dt

"bX#2aX!2dX3<K 2 (<K !1)

#dX2<K . (10)

This has a stable "xed point for all values of a,
b and d,

X*"
b3

d (ad#bd#b2)
, <K *"

ad#bd#b2

b2
N<*"
b4 (a#b)

d(ad#bd#b2)2
. (11)

Had the additive moments been used, together
with the closure assumption that ¹"0, then
there is an unnatural bifurcation and the mean is
zero for a range of parameters (Appendix A).
Obviously, when b/d is small the system should
frequently fail to persist, but the mean should still
be real and positive. Therefore, even at this
simple level, there are strong advantages to using
multiplicative moments.

For simplicity, we shall set d"1 by rescaling
time. From eqn (11) it is found that if a"0, the
population is always under-dispersed, that is the
variance is less than the mean. However, observa-
tions of real populations would indicate that
over-dispersal is the rule, which implies that
a'b/(1#b).

It is clear that for a single isolated population
the rate of extinction is expected to be an increas-
ing function of a and a decreasing function of b;
persistence is maximized by large populations
and little stochasticity. However, in order to con-
sider the role of spatial heterogeneity, we now
want to use our moment closure technique to
consider "nitely many coupled populations.

FINITE METAPOPULATION AND PERSISTENCE

Suppose that there exists n distinct subpopula-
tions, with x

i
3N individuals in sub-population i.

Although we wish the subpopulations to obey the
same logistic model as before, we will insist that
the birth and death rates now have two compo-
nents; one based on the dynamics within a sub-
population and one in#uenced by the coupling to
the average over all the subpopulations, xN . Each
subpopulation will therefore be taken to have the
following underlying deterministic equations:

dx
i

dt
"b([1!p

b
]x

i
#p

b
xN )

!dx
i
([1!p

d
]x

i
#p

d
xN )

where xN "
1
n

+
i

x
i
. (12)

More precisely this corresponds to a situation
where a proportion p

b
of the births are into
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a randomly chosen population, and that the den-
sity dependent death rate is in#uenced to some
degree (p

d
) by the global density. This deter-

ministic model predicts that all subpopulations
asymptote to a single "xed point, x*

i
"b/d ∀i.

Therefore, in the deterministic model any hetero-
geneity is soon lost.

The master equation for the metapopulation
now has to consider the distribution across all
n sub-populations*therefore "nding its solution,
either analytically or numerically is increasingly
unlikely. The low dimensionality of moment clos-
ure models is an appealing method for under-
standing this type of problem. As before we shall
wish to consider the mean and multiplicative
variance at the subpopulation level for the
stochastic system with birth and death rates
given by eqn (12), and with a set to zero for
simplicity. We notice that for any metapopula-
tion system, the average for one subpopulation
over many realizations, is the same as the average
over all sub-populations and many realizations,

X"Sx
i
T"SxN T

this dramatically simpli"es the equations. The
evolution equation for the mean density is now

dX
dt

"Sb [1!p
b
]x

i
#bp

b
xN

!d[1!p
d
]x2

i
!dp

d
x
i
xN T

"bX!dX2<K#dp
d
X2(<K !CK ) (13)

where <K is the multiplicative variance within
a subpopulation (as before) and we introduce CK ,
the multiplicative covariance between a sub-
population (x

i
) and the mean metapopulation

level (xN ). However, CK can also be expressed as the
multiplicative variance in the mean metapopula-
tion level, and this formulation is an easier
quantity to work with

X2CK "Sx
i
xN T"SxN 2T.

The calculation of other ensemble averages is
performed by considering all possible pairwise
combinations of the elements and multiplying by
the appropriate moment. The following two aver-
ages will be required below:

Sx2
i
xN T"X3CK 2<K ,

Sx
i
xN 2T"X3CK <K 2.

Using the birth and death rates, it is now
possible to construct an equation for the variance
at the subpopulation level,

<K "
Sx2

i
T

Sx
i
T2

, (14)

X2
d<K
dt

"S(b[1!p
b
]x

i
#bp

b
xN ) (2x

i
#1)

#(d[1!p
d
]x2

i
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d
x
i
xN ) (!2x

i
#1)T

!2X<K
dX
dt

,

"bX!2bp
b
X2 (<K!CK )!d (1!p

d
)X2<K
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d
X2CK

](2X<K (CK !1)!1]. (15)

Similarly, for the covariance term,
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SxN 2T
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, (16)
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Here, terms in n arise because a single event causes
the average over all sites xN to change by 1/n.

It should be noticed from eqn (17) that CK P1
in the limits as nPR. This is to be expected, as
when the number of subpopulations becomes
large, the behaviour of the mean will become
independent of the value of any individual popu-
lation and the additive variance at the meta-
population level will tend to zero. At the opposite
extreme, when n"1 as there is only one sub-
population the local variance is the same as the
global variance and C,<.

Figure 1(a) gives the mean density of indi-
viduals in a stochastic metapopulation (d"1,
a"0, n"10); the model was run for 200 time
steps and results averaged over the last 100. For
low birth rate, b, and low coupling p, extinctions
dominate the system; whereas elsewhere the
mean density increases strongly with the birth
rate b, but there is also a slight increase with the
amount of coupling p("p

b
"p

d
). Figure 1(b)

shows the extinction rate for this metapopula-
tion; this was calculated by measuring the aver-
age time to extinction starting all populations at
the deterministic "xed point. This result agrees
with our understanding of graph (a), showing
that persistence increases with both the coupling
p and the birth rate b.

Figure 1(c) gives the mean density of individuals
as predicted by the moment closure eqns (13), (15)
and (17). We "nd very good agreement between
the stochastic metapopulation and the moment
equations, except that the moment equations per-
sist for all parameters*this deterministic formula-
tion for the mean is unable to account for stochas-
tic extinctions. However, we can capture the likeli-
hood of extinctions by considering the behaviour
of the variance and covariance.

Given a "xed shape for the distribution of
population sizes,. there is expected to be a greater
risk of extinction when the standard error (the
standard deviation relative to the mean) is large.
In particular, it is supposed that the probability
of extinction is an increasing function of the vari-
ance divided by the mean squared. Therefore,
de"ne the local extinction measure ¸

E
to be

¸
E
"

Sx2
i
T

Sx
i
T2

"

<
X2

"<K !1;
similarly the probability that all the sites are
extinct can be quanti"ed by the global extinction
measure G

E
,

G
E
"

SxN 2T
SxN T2

"

C
X2

"CK !1.

Throughout this work, it is assumed that the
theoretically predicted extinction measures (¸

E
and G

E
) are monotonically increasing functions

of the true extinction rates, and hence allows us
to assess the qualitative e!ects of parameter cha-
nges on the likelihood of extinction. To con"rm
this assumption, we shall return our considera-
tion to the dynamics of a single patch. Setting
a"0 and d"1, consider the equilibrium distri-
bution of population size, D

n
, conditional on the

population having not gone extinct,

D
n
"

D
1
bn~1

n!n
where D

1
is such that

=
+
n/1

D
n
"1.

This formulation comes from solving the detailed
balance equations, such that the transition from
D

n`1
to D

n
are balanced by the transitions from

D
n
to D

n`1
. For this conditional distribution the

exact extinction rate can be seen to be

E
exact

"death rate]P (pop size"1)

"d]D
1
"D

1
.

We are now in a position to compare the extinc-
tion measure from the moment equations, ¸

E
,

with the exact extinction rate E
exact

[Fig. 1(d)]. It
is clear that the extinction measure from the
moment equations is a monotonic function of the
true extinction rate as claimed. In fact,

E
exact

+

1
¸2

E

exp A!
1
¸
E
B

is a good approximation whenever the exact ex-
tinction rate is less than 0.5.

Figure 1(e) and (f ) shows the local and global
extinction measures, ¸

E
and G

E
, respectively;

these results compare well with the stochastic
system [Fig. 1(a) and (b)]. It is only when the



FIG. 1. Results from the single-species metapopulation model (d"1, n"10). Graphs (a) and (b) are from the stochastic
(Monte Carlo) model. Graph (a) gives the mean density of individuals in a stochastic simulation, averaged over 100 time steps.
Graph (b) shows the average rate of global extinctions; starting at the deterministic "xed point, the average time to global
extinction is measured*this is then used to determine the rate. Graphs (c), (e) and (f ) show the mean density of individuals and
the measures of local and global extinction, respectively, from the moment closure eqns (13), (15) and (17). Finally, graph (d)
considers the single population model and shows theoretical predictions of the extinction measure (¸

E
) against the exact

extinction rate (E
exact

) for a range of birth rates.

MULTIPLICATIVE MOMENTS FOR PERSISTENCE 275



276 M. J. KEELING
system's behaviour is dominated by extinctions that
the approximations fail. Therefore, it appears that
for this simple one-species model, the moment
equations can capture the main qualitative features.

Consider what this has told us about the
ecology of such populations. As expected the rate
of global extinctions is an increasing function of
a and d, but a decreasing function of b. Hence,
when the deterministic carrying capacity is high
and the level of stochasticity is low we expect the
population to persist. However, the behaviour
with respect to the coupling, p, goes against cur-
rent ecological perception (Hassell & May, 1974;
Grenfell & Harwood, 1997) although it conforms
to theories of conservation (Hanski, 1982; Fahrig
& Merriam, 1985; Burkey, 1989). For this single-
species model, both the analytic moment equa-
tions and the stochastic metapopulation predict
the lowest rates of extinction when the coupling is
largest. Therefore, this system persists better in
one large patch*spatial heterogeneity actually
increases the risk of extinction.

The surprising behaviour with changes in
coupling can be explained by the nonlinearities
present in the system. First note that the average
birth rate is independent of the distribution of
individuals between the sub-populations, as it is
linear. However, due to its density-dependent na-
ture, the death rate is minimized when the distri-
bution is such that each individual experiences
the same mean value. Therefore, any form of
spatial heterogeneity merely increases the aver-
age death rate without providing any bene"ts.

From these results I believed that the vast
majority of such single component models will
persist better as the amount of coupling in-
creases. For a given birth rate B (x) per individual
and death rate D(x) per individual, the following
would appear to be su$cient (although not ne-
cessary) conditions for persistence to be maxi-
mized when the coupling is large,

(1) Wider distributions of population sizes
have lower average reproductive rates. This
means that there are strong density dependent
e!ects so that large populations have large nega-
tive growth rate.

(2) The number of events and therefore the
amount of stochasticity also increases for wider
distributions.
Both these conditions can be made mathemat-
ically precise,

d2

dx2
(B!D)(0 and

d2

dx2
(B#D)*0 ∀x.

Therefore, there is a very wide class of single-
species models where large amounts of coupling
is good for global persistence.

An Epidemic Model

So far only a single species, which has very
simple dynamics, has been considered. The mo-
ment closure technique will now be extended to
examine multi-species systems, which have slight-
ly more complex behaviour. Spatial heterogen-
eity that arises from the limited coupling between
communities is believed to be important in the
persistence of diseases and other natural enemy
systems (Hassell & Pacala, 1990; Hassell et al.,
1991; Bolker & Grenfell, 1995; Lloyd & May,
1996; Grenfell & Harwood, 1997). Attention is
now focused on a simpli"ed two-species model
of disease dynamics, to see if the moment
closure method can again capture the extinction
behaviour.

Suppose the standard SIR (Susceptible}Infec-
tious}Recovered) equations (Anderson & May,
1992) for the state of subpopulation i can be
simpli"ed to

SQ
i
"B!bS

i
([1!p]I

i
#pI ),

IQ
i
"bS

i
([1!p] I

i
#pIM )!gI

i
#e.

(18)

In this formulation, death only occurs in the
recovered class, and therefore eqn (18) provides
a reasonable model of many childhood diseases.
This slightly unusual form was taken so as to
minimize the number of events that had to be
considered*thus simplifying the algebra. The
coupling p is only present in the infection terms,
and as such represents new cases in a given sub-
population caused by infectious individuals in
others. The e term, which mimics imports from
outside the metapopulation, is included to pre-
vent permanent extinctions.

As before, di!erential equations can be de-
veloped for the ensemble means (S and I) of the



MULTIPLICATIVE MOMENTS FOR PERSISTENCE 277
stochastic system:

SQ "B!bSI (m!p [m!t]), (19)

IQ"bSI (m!p [m!t])!gI#e, (20)

where m is the multiplicative covariance between
infectious and susceptible individuals within
a subpopulation,

SIm"SS
i
I
i
T

and t is the multiplicative covariance between
the mean density of infectious and susceptible
individuals in the entire metapopulation. As
shown in the previous section, covariances such
as t can be written in several forms,

SIt"SSM IM T"SS
i
IM T"SSM I

i
T.

Consideration of eqns (19) and (20) shows that
there exists a unique non-trivial "xed points for
the average number of infectious individuals,
namely I*"(B#e)/g; thus the average number
of cases is una!ected by either the stochasticity or
the spatial heterogeneity of the system. This is of
great bene"t when approximating the persistence
from the local and global extinction measures, as
changes in the coupling p will only a!ect the
variance and not the mean.

Di!erential equations can now be found for
the two covariances, m and t, as shown in Appen-
dix B. This brings in another four new para-
meters, <K

S
and <K

I
, the variance in susceptibles

and infectious within a sub-population, and CK
S

and CK
I
, the covariance in susceptibles and

infectious between a sub-population and the
metapopulation average*as well as various
third order cumulants.

It is for this two-species system that the use of
multiplicative, rather than additive, moments is
of the greatest bene"t. Figure 2(a) gives the
additive covariance between susceptible and
infectious individuals within a sub-population
(SS

i
I
i
T!SS

i
T SI

i
T"SI (m!1)). It is due to

these large negative values that the multiplicative
form of the correlations is necessary. If the addi-
tive moments had been used (and third-order
cumulants ignored) then when SSIT"0, so that
the covariance is large and negative, then the
approximation of SS2IT or SSI2T is rarely zero
and frequently negative, whereas the multiplica-
tive approximation to these terms is always zero.
Hence, the multiplicative moments appear to
have a clear advantage whenever large negative
correlations arise. It is found that di!erential
equations that use additive moments frequently
&&blow up'' due to this behaviour.

Figure 2(b) and (c) shows the local and global
extinction measures, respectively, for the infec-
tion,

¸
E
"<K

I
!1, G

E
"CK

I
!1.

These measures compare well to the results of
stochastic metapopulation simulations*Fig. 2(d)
and (e). The rate of local extinction is a mono-
tonically decreasing function of the coupling*
this is as expected, as when the coupling is large
an extinction will only occur if infection is rare in
all subpopulations. However, the global extinc-
tion measure, G

E
, and the rate of extinction from

the stochastic simulations both demonstrate
a minimum for intermediate levels of coupling.

Although there is clearly good qualitative
agreement between the general trends predicted
by the moment equations and the simulations,
we consistently "nd that the moment equations
underestimate the extinction rate when the coup-
ling is low. This discrepancy is primarily due to
the intense negative correlations that develop
and the long periods for each subpopulation
when the disease is extinct. These two conditions
mean that the disease would be better character-
ized by long extinctions with erratic epidemics,
breaking our basic assumption that the epidemic
can be described as a continuous process.

Finally, Fig. 2(f ) shows the probability distri-
bution for the number of extinct subpopulations
(solid line) and this is compared to the standard
metapopulation assumption that extinctions
happen at random (dashed line). Clearly, large
range extinctions are much more common than
a simple prediction from the local dynamics
would suggest*this is because the coupling be-
tween subpopulations leads to the formation of
positive correlations.



FIG. 2. (Caption opposite)
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Discussion

This paper has introduced two novel concepts
which makes the estimation of extinction rates
for a variety of systems possible.

The use of multiplicative, rather than additive,
moment closure assumptions has greatly im-
proved the robustness of the equations. Despite
the long history of using additive moments, it
is often far easier to think about multiplicative
cumulants as these are dimensionless and possess
a more natural scaling behaviour. For continu-
ous populations, the standard additive assump-
tion leads to a Gaussian distribution, whereas the
multiplicative assumption introduced here leads
to a log-normal distribution. Therefore, the
multiplicative model has a far fatter tail than any
exponential or Gaussian distribution, but has the
strong advantage of only being de"ned for posit-
ive values. Which assumption is the most valid
will depend greatly on the problem being exam-
ined; although it is believed that, for a wide class
of multi-species models, the multiplicative as-
sumptions are more robust as unnatural negative
densities are prevented.

The second advancement introduced is to con-
sider a ,nite metapopulation. Much of the work
using moment closure models has either con-
sidered a single patch in isolation (Renshaw, 1991;
Isham, 1995) or an in"nite system (Bolker
& Pacala, 1997; Keeling et al., 1999). With an
in"nite number of subpopulations the global
mean is expected to remain constant, whereas for
"nitely many subpopulations the global mean will
experience some stochasticity (although less than
each individual subpopulation). It is the variability
at this level that leads to stochastic global extinc-
tions. Therefore, despite the added complexity, the
bene"ts of being able to consider global extinc-
tions and the e!ects coupling are compelling.

In many single-species models, strong density-
dependent e!ects will mean that global persist-
$&&&&&&&&&&&&&&&&&&&&&&&&&&

FIG. 2. Results from the infectious disease metapopulation
these parameters correspond closely to those of measles, with
Graph (a) gives the additive covariance between infectious and
(**) and the stochastic simulation ( } } } ). Graphs (b) and (c)
from the moment closure equations. Graphs (d), (e) and (f ) are fr
of a sub-population being extinct, while graph e is the probabil
the probability distribution for the number of extinct patch
assumption of random independent extinctions ( } } } ) (p"0.
ence is maximized by large amounts of coupling.
In these models, heterogeneities reduce the over-
all reproductive rate of the species so there is no
advantage to be gained by limiting the coupling.
In such cases, the species persists best in one large
well-mixed population. For the SIR disease
model (and presumably for predatory}prey
systems as well), spatial heterogeneity has
considerable bene"ts for persistence allowing the
susceptible (prey) population the chance to
recover. Therefore, for these two-species models
there is a tradeo! between spatial heterogeneity
and rescue e!ects, which in turn means that per-
sistence is maximized for intermediate levels of
coupling.

Throughout this work only global coupling
has been considered. In almost all real ecological
systems the in#uence of an organism is expected
to decrease with distance, so that many e!ects are
localized. Although models with local interac-
tions are far more complex and can display far
richer dynamics, the same qualitative results can
be expected to hold as persistence will frequently
be a tradeo! between spatial heterogeneity and
rescue events. Many spatial models consider the
dynamics of individuals on a homogeneous plane
(Keeling, 1999a), however, for humans and many
other social animals a metapopulation is a good
model as distinct subpopulations do exist.

Although this type of moment closure model
has been shown to provide a good description of
both single-species logistic growth and two-spe-
cies natural enemy systems much more work
needs to be done to assess just how generic this
technique can be. For particular systems, a di!er-
ent functional form for ¸

E
and G

E
may be more

appropriate. However, I believe that for systems
where extinctions are rare and rescue e!ects
common, this technique will be applicable to
a wide class of ecological and epidemiological
problems.
&&&&&&&&&&&&&&&&&&&&&&&&&&

model (B"2, b"3]10~5, g"0.077, e"4]10~3, n"20);
a metapopulation size close to the critical community size.

susceptible individuals for both the moment closure equations
show the measures of local and global extinction, respectively,
om the full stochastic simulations. Graph (d) is the probability
ity that the whole metapopulation is extinct. Graph (f ) shows
es (**) and compares it to the standard metapopulation
1).
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APPENDIX A

Using the standard additive moments, together
with the assumption that the third-order cumu-
lant ¹ is zero, leads to the following "xed point
solution:

X*"
3b$Jb2!8bd!8ad

4d
or X*"0.

We therefore "nd that when the birth rate is small
relative to the death rate (b2(8(b#a) d), the
only solution is X*"0. No such bifurcation are
observed in the full stochastic model, and would
seem to be biologically unreasonable.
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This brings in another four new parameters*the
de"nitions and evolution equations for these
variances and covariances are
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