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A power-law relationship between the mean and variance of ecological time series has been
shown to hold for a vast number of species. Here we examine the behaviour of single-species
stochastic models and concentrate in particular on the mean-variance relationship as the
carrying capacity becomes large. Single-species stochastic models can be written as Markov
chains, and the long-term distribution of population sizes and hence power-law scaling can be
found analytically. The various power-law scalings that arise have very different biological
implications for the effects of stochasticity and the departure from the deterministic
paradigm. Finally we extend our analysis to consider the complicating factors of spatial
heterogeneity, nontrivial deterministic dynamics, and multispecies models. © 2000 Academic Press

1. INTRODUCTION

Ecologists are often interested in the time series of pop-
ulation levels in different locations and in particular with
the fluctuations that are observed (Sutcliffe ez al., 1996;
Earn et al., 1998; Blasius et al., 1999; Bjegrnstad et al.,
1999). As such, Taylor’s power law (Taylor 1961) gives a
robust method of relating the variance to the mean pop-
ulation size. In this paper Taylor’s power law is con-
sidered for a variety of single-species stochastic models,
and I show that for large populations the power-law
relationship can often be predicted analytically.

Consider a set of time series, x’, for the number of
individuals in population i at time 7. For example, we may
know the number of weekly cases of a disease in various
towns and cities (Keeling and Grenfell, 1999), or we may
have annual abundance data for a variety of distinct habi-
tats (e.g., Sutcliffe et al., 1996; Ranta et al., 1997). For such
a set of time series, it is interesting to consider if there exists
a relationship between the mean M, and the variance V;:
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It has been observed (Taylor, 1961; Taylor and Woiwod,
1980; Anderson et al., 1982; Hanski and Tiainen, 1989;
Boag et al., 1992; Keitt and Stanley, 1998) that for many
species there is a power-law relationship between the
mean and variance of population size,

V,oc M. (1)

For the vast majority of species, the power-law scaling
parameter, «, is found to lie between one and two, with
many species lying close to the extremes (Anderson et al.,
1982). In this paper we shall examine the behaviour of
stochastic population models to allow us to interpret this
ecological parameter a.

Throughout this work statistical artifacts which may
arise from the consideration of short, noisy time series
will be ignored (Perry and Woiwod, 1992) and instead
only the results from long-term computer simulations or
exact numerical calculations will be considered. It is also
assumed that the variation in the mean (M;) between
populations is due solely to differences in the carrying
capacity (K;) of each populations. This variation in K
may of course be a reflection of other underlying ecological
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processes, such as different levels of predation or the
availability of food. Data from ecological time series
could also be confounded by large temporal variations in
the carrying capacity or other parameters, and hence
great care must be used when interpreting the results of
wild populations.

2. BASIC FORMULATION

Let us consider a single population of size ne N. We
assume that only two types of event can occur, “births”
at a rate B, which increase the population size by one, or
“deaths” at a rate D, which decrease the population size
by one. (Note that B and D may also include changes
caused by immigration and emigration, respectively.)
This formulation gives us a Markov process, as the rates
of increase and decrease depend only on the current pop-
ulation size. It may often be conceptually easier to com-
pare biological data to the per capita rates of increase
and decrease, b, and d,,, (cf. birth and death rates), where

Vn>0.

n
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n

We can write a set of coupled ODEs (the master equa-
tions) for the distribution of population sizes, P,=
Prob(population size =n),

dpP,
dt

:Bn—IPn—l +Dn+1Pn+1 7(Bn+Dn)Pn

So the fixed point solution must satisfy a detailed balance
with transitions from P,_, to P, balanced by transitions
from P, to P,_,. Hence, the unique solution is given by

DnPn:Bn—IPn—l
" B
=P,=P, []

m=1

et 2)

m

where P, is defined such that the distribution sums to
one.

The results from this stochastic approach can be
compared to standard deterministic models where the
population size, xe R, is given by

dx
2 =/(x) =B(x)=D(x) (3)
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The functions B(x) and D(x) are taken as the natural
continuous population versions of the rates B, and D,
(see Appendix I). Throughout this work we shall con-
sider the form of f(x) that is implied by the birth and
death rates and will concentrate on the situation where
there exists a single, globally attracting fixed point, x*, of
Eq. (3).

We find that when the distribution P, is bounded (i.e.,
> r—1Bm_1/D,, <o0) it is stable so long as the

n=1

following conditions are satisfied

dn* st. Vu<n* B,> D, and

B,>0, Dy=0.

Vn>n*B,<D,
(4)

The condition B, >0 means that the zero state is not
absorbing, whereas D,=0 is used to prevent ne.gative
population sizes. It should be noted that in general we
will also wish the distribution P, to possess a finite mean
and variance, in which case the conditions become more
restrictive.

Using Eq. (2) we can compute numerically the popula-
tion distribution and hence the mean and variance as the
underlying carrying capacity is varied. Log—log plots of
mean against variance can be used to obtain local values
for the power-law gradient «. More precisely the local
power law is given by

oK)

_dlog(V) <d log(
B vV dM’

M\ M dv
dK dK -

3. SIMPLE FORMS

We shall now consider what forms of B, and D,, satisfy
the imposed conditions (4). The simplest model is linear
behaviour,

B,=c+Rn, D,=Rn+—
n—==C n, L\ K
C C
by=R+<  d, =R+
or . +n n +K (5)
X
—c(1-2).
= fm=c(1-%)

This corresponds to a sink-like population, where the
natural death rate of individuals (R + &) is greater than
the per capita birth rate (R), but the population is main-
tained by imports (¢) from some external source. We
notice that the term R occurs in both the birth and the
death rates and hence cancels out in the calculation of the
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deterministic f(x). R can therefore be used to increase the
magnitude of the stochasticity relative to the deter-
ministic dynamics. This illustrates one of the main
conceptual problems with moving between stochastic
and deterministic representations; two very different
stochastic processes can possess the same underlying
deterministic equations.

For this system, Eq. (2) leads to a negative binomial
distribution of population sizes,

C
+n—1>!
<R RK\" [ RK\~(/R—n
Pn=)<,> <1+.> ’
nl (‘—1)! € ¢
R

with mean M = K and variance V' =2K?+ K (Fig. 1a).
Hence, a single power law does not hold for all K;
however, this system does show many of the features we
observe for many models. First, the local power-law
gradient, «(K), lies between 1 and 2. Second, as R and
hence the relative magnitude of the stochasticity
increases, the variance behaves more like the square of
the mean and a( K) approaches 2. Finally, as the carrying
capacity, K, becomes large o tends to an asymptotic
value, which is 2 for this simple model.

A more complex form which displays richer dynamics
is the logistic equation with imports:

2

B,=c+(R+1)n D,,=Rn+nE
or  b,=R+1+> d,=R+_ (6)
n K
X
— 1=
= f(x) c+x< K>

This models again assumes a small amount of immigra-
tion (¢), which has been included to prevent permanent
extinctions, and a constant birth rate per individual.
However, the per capita death rate is now considered to
increase linearly with population size. The deterministic
equations predict a globally attracting equilibrium just
above the carrying capacity.

For a wide choice of the parameters ¢ and R this
logistic-based system demonstrates localised power-law
scaling; in particular there are two regions of power-law
behaviour separated by a marked drop in the variance
(Fig. 1b). This drop corresponds to the change from a
system where localised extinctions are common to one
where extinctions are rare. The point where this phase
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transition occurs can therefore be compared to the criti-
cal community size associated with many diseases
(Bartlett, 1957; Keeling, 1997; Swinton et al., 1998).
Above the phase transition point, as the carrying capa-
city K becomes large, « asymptotes to 1.

The behaviour at this transition can be attributed to
the anomalous nature of extinct populations, which are
only affected by an occasional import. Figure 2 shows the
distribution of population sizes, P, as K is increased and
we pass through the phase transition point. When K
is small, extinctions dominate (Fig. 2a), whereas when K
is large the population is distributed close to the mean
(Fig. 2¢). It is this change from bimodality (where P, has
local maxima at n =0 and close to n = K) to unimodality
(where P, is maximal close to n= K and there are very
few extinctions) that causes the observed drop in the
variance. No such behaviour is observed for the simplest
model (5), which is always unimodal and therefore does
not display a rapid change in variance. Below the phase
transition point, the local power law is noninteger (lying
between one and two) and is found to be an increasing
function of the stochasticity R. We speculate that this
noninteger power-law behaviour is attributable to the
disparity in time-scales between the rate of events for
extinct and extant populations.

What causes the difference between these two models
((5) and (6)) and in particular the difference in the
asymptotic behaviour as the carrying capacity (and
hence the population size) becomes large? In the linear
model (5) both the deterministic and the stochastic com-
ponents scale like n, whereas for the logistic model (6) the
deterministic component scales like 72 but the stochastic
part only scales like n. Therefore, it is not surprising that
the linear model has a larger variance to mean ratio than
the logistic model. We now extend this general argument
to predict the power-law behaviour of a general class of
models when the carrying capacity is large.

3.1. Analytical Calculation

We restrict our attention to the situation where the
underlying deterministic dynamics have a single globally
attracting fixed point, in particular

X

s =(1-%) ) ()

for some positive definite function g. However, this still
leaves some ambiguity in the values of the birth and
death rates; hence we shall set
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FIG. 1. (a) Results from the negative binomial distribution from the linear model: B, = ¢+ Rn, D,,= Rn + cn/K (¢ =50, R=1). For large carrying

capacity, K, the power law « — 2. (b) Results from the logistic equation; B, =c+ (R+1)n, D, = Rn+n?/K (¢=0.025, R=5). For small carrying
capacity, K, the gradient o~ 1.6; after the phase transition «— 1. (c) Results from the logistic equation with quadratic stochasticity:
B,=c+(R+1)n+m? D,=Rn+rm*+n*K (¢c=0.1, R=5,r=10"%). For small carrying capacity, «~ 1.6. After the phase transition o — 2;
although there is initially a phase where a & 1, this is due to the small value of r. (d) Results from the Ricker equation: B, = ¢ + bn(b/d) "X, D, = dn

(¢=0.1,d=5, b=5.05). For small carrying capacity a ~ 1.9; after the phase transition o« — 1.

B,=g(K;n)+h(K;n)
; VneN. (8)
Dﬁ} g(K; n)+h(K;n)

Here, the function 4 > 0 plays the same role as R in Egs.
(3.1) and (3.2), controlling the level of stochasticity. In
what follows, we implicitly assume that g and / are
positive-definite rational polynomials.

The behaviour of the mean and variance can be seen to
depend on the asymptotic relationship between 4 and g.
In all of what follows, we shall assume that for sufficiently
large K there exists an Ne N (1 << N < K) such that.

» above N all functions (and in particular ?) behave
like their asymptotic forms,

e P, << Pg so that the behaviour below N can be
ignored,

If we wish to consider the per capita rates of increase
and decrease (b, and d,), then we can write

1 1
b,=- g(K;n)+- h(K; n)
n n

1 1
d,=— g(K;n)+- h(K;n),
K n
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FIG. 2. The fixed point population distribution P, for the logistic equation of Fig. 1b: B,=c+ (R+1)n, D, = Rn+n?*/K (¢ =0.025, R=5). In
graph (a), when K =50, the population is extinct for over 70% of the time. In graph (b), when K= 100, much more of the time is spent near the
carrying capacity. Finally by the time K =200, in (c) extinctions are negligible.

in which case the main parameter of the system, gﬁ%, can
be related to the per capita changes by

n

d,—b, —
hin) " "K
g(n)_ bfl d” ’

where b,, — d,, is the expected per capita rate of increase of
a population of size n.

We note that the imposed deterministic equation (7), to-
gether with the assumption that g and / are both positive,
places additional restrictions on the birth and death rates.
For population sizes below the carrying capacity (n < K),

d,K>b,n>d,n,

whereas above the carrying capacity,
b,n>d,K>b,K.

Other values of the birth and death rates can be accom-
modated by changing the deterministic form assumed in
Eq. (7).

We now consider three scenarios in turn, with all mathe-
matical results given in Appendix II. By considering the
leading order terms for the distribution P,,, we are able to
predict the power-law relationship between V and M as the
carrying capacity becomes large; however to calculate the
coefficient of proportionality requires far more detail
about g and /4, and inclusion of lower order terms.

When /4 is of the same order as g (ﬁﬂa H, H=0(1)),

n)

then the amount of stochasticity is comparable with the
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deterministic component of the dynamics. This is the
behaviour seen in the logistic equation and the Ricker
equation (Figs. 1b and 1d). For this scenario, a will
asymptote to 1 as the carrying capacity becomes large,
and the variance becomes proportional to the mean.

Because the standard error (ﬁ/M ) decays to zero as K
becomes large, the distribution of population sizes
becomes relatively more tightly clustered and the system
will behave more like its deterministic counterpart. This
gives mathematical weight to the biological intuition that
for many species stochasticity is only important for small
populations. In the case where H =0, the stochasticity is
reduced such that the expected distributions are close to
Poisson, and hence V= M.

When 4(n) is of the same order as ng(n) (;A(% — Hn+
H,, H=0(1), Hy= 0(1)), we find that a will asymptote
to 2. This is observed in Figs. la and lc, when the
stochasticity is of the same order as the deterministic
component of the dynamics. For this type of system,
when the carrying capacity is large, the standard devia-
tion scales linearly with the mean and the standard error
is constant. This means that the shape of the population
distribution is conserved under rescaling and therefore the
individual nature of the population has no effect. With
these models, the variance in population numbers always
has an influence on the expected dynamics, but (once K is
large) one can safely scale out the population size.

Finally, for any system where A(n) increases like ng(n)
or faster, the distribution (2) will not be bounded. If we
were to perform multiple simulations of such a system
then some populations may go to zero, while others tend
to infinity. Such a system would not be biologically
realistic or viable; for large population sizes (n >> K) we
always expect the death rate to be larger than the birth
rate so that population sizes cannot grow unbounded.

One’s instinctive reaction is that generally only the first
situation (g — H) will be applicable to ecological systems.
However, the following set of (not-unbelievable) birth
and death rates gives rise to the entire spectrum of
behaviour:

1
dy—> R+——

1
bn_’R—i_ﬁ Kn? 1

) | s
2() Rn?.

This shows that, in principle, all behaviours are possible.
However, if we want the per capita birth rate (b,) to
decrease to zero with increasing n, and the death rate (d,,)
to increase, then we must be in the first situation if condi-
tions (7) and (8) hold. For the second situation to occur,
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then from Eq. (9) we must have b,, —d,, —» 0 as Kand n
become large. Which of these two situations is most likely
to occur depends on the organism in question and can
only be assessed by a detailed study of individuals.

From the above analysis we can conclude that under-
standing the population changes at a deterministic level
is often insufficient; we need to consider behaviour at the
event level. The two models in Figs. 1b and Ic¢, have the
same overall deterministic formulation; however, the
stochastic versions possess strikingly different behaviour.
Finally, a large population size is no guarantee that
stochastic effects can be neglected; for the second class of
models (e.g., Figs. 1a and Ic) the variance always affects
the mean.

4. COMPLICATIONS

It should be realised that not all problems can be
classed as one of the three situations given above. For
some functional forms it is not possible to to find an N
which satisfies the necessary conditions; e.g., if

h
-=n+K,
g

this form does not show its asymptotic behaviour until
n>> K.

Another difficulty that arises is if the leading order
terms in /2 or g are a function of K. Our analysis fails for
functions such as

n
—=Kn or =—
K

QI

which may lead to asymptotic power laws other than one
or two. For example, if g —» 1 and & — Kn, we obtain the
situation where the variance increases dramatically with
the mean and a — 3. We believe that such scenarios may
explain the presence of large local power laws in some
ecological time series. Notice that with « = 3, because the
standard error increases with the mean, the likelihood of
extinctions will presumably increase with population size
which goes against normal intuition.

A further complication arises if the underlying deter-
ministic dynamics have multiple stable states. This is
contrary to condition (4) and essentially means that the
distribution will be multimodal for any value of K. This
in turn means that a will asymptote to two. However, we
may find that transitions from the vicinity of one fixed
point to the vicinity of another occur less and less
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frequently as K increases. Hence, a stochastic simulation
may spend all of its time close to just one of the fixed
points, so that its dynamics will be highly dependent on
the initial conditions.

For all these complications, however we can still use
Eq. (2) to predict the mean and variance numerically. We
shall now expand our consideration to three common
situations which cannot be addressed using this basic
equation. For each of these scenarios we offer some
preliminary explorations, suggesting how the power law
o will be affected.

4.1. Spatial Heterogeneity

So far we have assumed homogeneity, so that even
very large populations are fully mixed. However, this is
rarely the case. When spatial models are considered, we
often find that at large distances, parts of the population
can become decorrelated; this would lead to a power-law
scaling of « — 1 as the habitat area and hence the popula-
tion becomes large (Keeling et al. 1997).

Here we consider how the power law o varies as spatial
heterogeneities are introduced. We let the correlation
between two spatial locations decrease exponentially
with the distance between them:

Corr(x(y), x(z)) =exp(—A| y —z).

This exponential decrease with distance is a common
property of many spatial models (Keeling et al, 1997)
and we would suppose that such behaviour often occurs
in nature. By assuming that our habitat occupies a disk
(D,) of radius r, we can relate how the mean and variance
change as r is increased. Obviously, we expect

M, =mru, (10)

where u is the average density of individuals. The
variance is now calculated as

1 T
= lim —
T— o T 0

V

I

0 x(_y)d_y—Mrrdr (1)

lim lT fOT jD,. JD,. x(y) x(z) dz dy di — M?

Vo | [ exp(—dly—z|)dzdy
D, 'D,

y
=i ] | o=y =zl dzy.

where R = Ar. (12)
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FIG. 3. The local power-law scaling a for heterogeneous systems,
where the correlation between sites decays exponentially with distance.
When the scaled radius R is small (and hence the mean population size
is small) « asymptotes to 2, whereas for large R and large populations
o asymptotes to 1. The inset graph shows the mean—variance plot on a
log—log scale, clearly showing the change in power law.

It is clear from Egs. (10) and (12) that when R is small,
such that the correlation is approximately one, V, oc M?2;
however it can also be seen from the equations that when
R— o0, V, oc M,. This spatial model should be con-
trasted with the assumptions of the previous section.
Here we suppose that increases in average population
size are due to increases in habitat area, with the density
of individuals and hence the effective environment each
individual observes remaining constant.

Figure 3 shows how the local power-law scaling o
varies with the scaled habitat radius R. For large A4, such
that the correlations decay quickly, the a=1 limit is
reached for smaller » and therefore smaller population
sizes. The general power-law behaviour is clearly
reminiscent of the scaling observed in Section 2. It may
therefore be difficult to predict whether power-law scal-
ing originates from stochastic processes at the population
level, spatial heterogeneity, or a mixture of the two;
although it would appear that spatial heterogeneity
alone is unable to produce the jump in the variance that
is observed in the homogeneous models.

4.2. Multi-species Models

The previous sections have concentrated on single
species models; these have the distinct advantage of
possessing an iterative method of calculation (Eq. (2)).
For multi-species models such a simple process does not
exist; instead we must rely on more complex techniques.
In what follows we shall restrict our attention to two
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FIG. 4. Mean-variance results from the stochastic Lotka—Volterra
predator-prey system (13), (C'=0.01 and C*=0.005). Each point
represents the results from stochastic (Monte Carlo) simulations,
where the mean and variance were measured over one million time
steps. The predator (a) clearly shows two regimes of power-law scaling;
when the mean is small «a &~ 1.34, whereas for larger population sizes
o — 1. The behaviour of the prey (b) is more complex with a distinct
increase in the variance just before the large carrying capacity limit is
reached.

species models, although the methodology can be
adapted for higher dimensional systems.

Suppose that P, , is the probability that the two
populations are of sizes m and n, respectively (m, ne N).
We can again construct an infinite set of coupled ODEs,

de n
dl" :B;lw—l“an—l,n+Bi1qn—1Pm,n—l
+D:n+l,an+1,}1+D1271,n+1P171,n+1
— (B, B u+ Dyt D5 ) P
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where B!, B, D', and D? are the birth and death rates for
species one and two respectively. Finding the fixed point
solution can be solved by truncating the distribution and
solving a matrix equation; however, we would expect the
size of the matrix necessary to grow like K*. Therefore
it is often computationally less intensive to simulate the
stochastic process than to solve the underlying matrix
equations; this effect becomes far more apparent as the
number of species increases.

Figure 4 shows the results from a stochastic
Lotka—Volterra type predator—prey system; the rates of
increase and decrease are

1 1 I 4
Bv’p—C +v Bv’p—C +?

13
. V42w 5 1
Dv,p: 2K Dz;,p:p9

where v and p are the number of victims (species 1) and
predators (species 2), respectively. When the carrying
capacity K becomes large the deterministic dynamics
predicts that v — K and p — £.

From Fig. 4 we see that the same type of local power-
law behaviour is observed in this multispecies model,
with « — 1 as the carrying capacity becomes large. This
agrees with our intuitions from Section 3, as a power law
of one is associated with systems that have a small
stochastic component compared to the deterministic
dynamics, which is the case here. A rapid change in the
variance of both species is seen just before the large K
power law begins, and once again this is attributable to
the change from bimodal to unimodal distribution.

4.3. Deterministic Dynamics

If the underlying deterministic system possesses non-
trivial dynamics (e.g., periodic orbits or more complex
attractors) then the power-law scaling can again be
effected. For spatially heterogeneous systems, we would
expect distant points to be out of phase with each other.
This means that the deterministic oscillations over the
entire population only grow like ﬂ ; hence the original
conclusion still holds and a — 1 as K becomes large
(Keeling et al., 1997).

On the other hand, for homogeneously mixed (non-
spatial) systems the amplitude of the deterministic orbit
should scale linearly with population size. Therefore, for
large K, the power law o will always approach 2 (Keeling
and Grenfell, 1999). For chaotic systems, the fractal
nature of the attractor could potentially lead to situa-
tions of noninteger power-law scaling (Perry, 1994).
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5. DISCUSSION

For a wide variety of models and parameters, a range
of noninteger power-law behaviour can be seen when the
carrying capacity (and hence the mean) is small.
However, for many large populations only two sorts of
scaling behaviour exist: o — 1 or o — 2. This may help to
explain the dominance of these to forms of scaling in a
variety of ecological data. For many systems the change
to large population behaviour is associated with a rapid
decline in the number of extinctions and often with a
drop in the variance (Figs. 1b—1d). This drop is due to a
change from bimodal distributions (with many extinc-
tions) to unimodal distributions (with few extinctions).

The noninteger power law for small carrying capacities
can be attributed to both the increasing importance of
the individual nature of the system as population sizes
become small and the nongeneric behaviour when the
population hits zero. The existence of extinct populations
introduces two disparate time scales: a fast time scale for
the dynamics within an extant population and a slow
time scale for the recovery of extinct populations. In
many situations, the presence of fast and slow time scales
is a prerequisite for power-law behaviour (Tang and Bak,
1988; Rhodes et al., 1997).

For any given set of birth and death rates (B, and D,,)
we can find a unique function ( f(x)) which describes the
deterministic rates of change. However, the fact that B
and D are not uniquely determined by f can cause many
difficulties when modellers move from a deterministic to
a stochastic framework. Two stochastic models can pos-
sess the same underlying deterministic equation, but
have radically different behaviour (cf. Figs. 1b and 1c¢). It
is therefore vitally important to formulate individual
based models from the behaviour of individuals and not
to extrapolate from global observations of the dynamics.

It is interesting to note that when o — 2, the individual
nature of the population is unimportant as the standard
deviation scales linearly with the mean. Therefore, once
this large population regime is reached, although the
variance may play a vital role in the dynamics, its relative
effect will not change with carrying capacity; this means
we can scale out the population size. However, when
there is less stochasticity in the underlying dynamics and
o« — 1, then the system behaves more like the under-
lying deterministic equations as the carrying capacity
increases. Therefore, although the variance plays a
decreasing role in the dynamics, population size is important
and cannot be scaled out, as it determines the convergence
to determinism. It is important to realise that the two com-
mon modelling steps of scaling out population size and
assuming determinism are in fact mutually exclusive.
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Many other factors need to be considered before we
have a complete understanding of mean—variance rela-
tionships. Similar power-law behaviour can also be
observed in higher dimensional (multi—species) models,
such as the Lotka—Volterra equation for predator—prey
systems or the SIR model for epidemics (Keeling and
Grenfell, 1999). Again we believe that the scaling at large
population sizes is determined by the ratio of stochastic
to deterministic behaviour. When the underlying equa-
tions possess non-trivial dynamics this adds an extra
component to the variance which scales like the mean
squared; therefore o — 2 is not necessarily a sign of high
order stochasticity.

The presence of spatial heterogeneities will reduce the
observed a (cf. Keeling et al., 1997) as fluctuations about
the mean may be out of phase, reducing the overall
variance observed. This power-law scaling with the spa-
tial scale of the system should be seen as complementary
to the earlier scaling with carrying capacity. For suf-
ficiently large populations spatial decorrelation over
large distances is a strong possibility; however, for many
populations of ecological importance the assumption of
homogeneous mixing is justified.

In conclusion, I believe that careful examination of the
mean-variance relation for many ecological systems can
shed light on the importance of the stochastic processes
present and may even allow us to predict the amount of
spatial heterogeneity or the accuracy of deterministic
approximations.

APPENDIXI: COMPARISON TO
CONTINUOUS POPULATION MODELS

Let us assume that we have a single population, whose
underlying deterministic dynamics can be expressed as

dx
Ez.f(x)

We require that there is only one equilibrium point, x*,
which is globally attracting.

f(x)>0if x <x* f(x)<0if x> x* (14)
Note that in particular we need the origin to be unstable.

We assert that the average rate of increase of the popula-
tion is given by the birth rate minus the death rate;

f(n)an_Dn'
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Hence we have a simple link between the discrete popula-
tion rates and a continuous population differential
equation.

However, the reverse situation is not so simple. For
any given f(n), we can choose B, and D, to produce any
required population distribution P,,.

Dy=0 B,=£(0)

D,=—~YB, . B,=f(n)—D, VYn#0.

Therefore, while there is a natural means of going from
the stochastic rates to a differential equation, the reverse
is not true.

Note that Eq. (2) is the discrete population version of
the Fokker—Plank equation, whose solution

x B
P(x)= P, exp <L log <D((J;;> dy>

is often a good approximation to P, when the carrying
capacity is large and the distribution contains few small
population sizes.

APPENDIX II: CALCULATION OF
THE POWER-LAW FOR LARGE
POPULATIONS

(1) h(n)/g(n) > H, H= O(1).

" B
Yvn>N P,=Py [] —=
m=N+1 Dm
) Kg(m—l) h(m—1)
_ g(m) g(m)
=Pw 11 Hm)
m=N+1 +K
g(m)
" K(H+1) 1
P =P — i 0(—=
- ! Nmzll_\'[+1 m+KH * <I’Vl2>
I'(M + KH)
=Py k" NH++ 1) VN _— 2
N (H+1) I(n+ KH)

of3)

Matt J. Keeling
= M=) nP,
= z (n+ KH)P, —Z KHP,

—KH+1)+0(1)—KH=K +0(1)
(15)

= V=) n*P,—M?
=Y (n+ KH)n+KH—1) P,
~Y (2KH—1)nP,
—Y (KH—1) KHP, — M?

=K*(H+1)>4+O0(K)—(2KH—-1) M
—(KH—1) KH— M?
= O(K) (16)

Therefore, as the carrying capacity becomes large, o — 1.

(2) h(n)/g(n) > Hn+ Hy, H=0(1), Hy=O(1).

VYm >N

B, _, K+KHy+KHm 0<1>
m

D, m+KH,+ KHm + 2

(KH—1)m+K <1>
2T PTR Lo —
KHm + m?

This leads to a negative

binomial distribution =M =(H+ 1) K+ O(1) (17)
=V=(H+1)HK?>+O(K) (18)

Therefore, as the carrying capacity becomes large, a — 2.

(3) h(n)/g(n) > Hn*+ O(n), H=O(1).

B, _, K+ KHm?*+ O(m)
>N = T KHim
KH
- o(1). 19
K1 MO0 (19)

Therefore, as g is an increasing function of m the distribu-
tion P does not converge.
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