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Abstract

Motivated by edge behaviour reported for biological organisms, we show that random
walks with a bias at a boundary lead to a discontinuous probability density across
the boundary. We continue by studying more general diffusion processes with such a
discontinuity across an interior boundary. We show how hitting probabilities, occupancy
times and conditional occupancy times may be solved from problems that are adjoint to
the original diffusion problem. We highlight our results with a biologically motivated
example, where we analyze the movement behaviour of an individual in a network of
habitat patches surrounded by dispersal habitat.
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1. Introduction

Random walks and their diffusion approximations have become a standard tool for modelling
the movement behaviour of a variety of biological organisms [9], [13]. One of the most
challenging problems in such models is the response of individuals to habitat heterogeneity,
which is often allowed in diffusion models in the form of smoothly varying diffusion coefficients.
However, landscapes often consist of mosaics of patches of different habitat types with more or
less well-defined patch boundaries. In such a case, the manner in which individuals respond to
patch boundaries may be a major determinant of overall movement behaviour. As an example,
Ries and Debinski [12] tracked the behaviour of two butterfly species at four edge types (ranging
from low to high contrast) to determine the extent to which habitat boundaries act as a barrier
to emigration. A habitat specialist (Speyeria idalia) responded strongly to all edge types, both
by turning to avoid crossing them and by returning to the patch if they had crossed the edge. A
habitat generalist (Danaus plexippus) responded strongly only to high-contrast (treeline) edges.
It responded by seldom crossing edges, but rarely returned once it had crossed.

Random walks and their diffusion approximations incorporating individual behaviour at
patch boundaries have been previously analysed in [3] and [4]. The boundary condition used
in these studies was taken from the literature for skew Brownian motion [14], [7]. As pointed
out in [2], skew Brownian motion predicts that the probability density may have a point mass at
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the boundary point, meaning that individuals accumulate at the boundary. Such accumulation
has been observed in experimental studies [8].

In this paper, we analyze random walks with another type of biologically motivated biased
movement at patch boundaries. We assume that in the vicinity of the boundary, the individual
is able to perceive the presence of the two habitat types, and that it will bias its movement
towards the preferred habitat type. We show in Section 2 that the diffusion approximation for
the random walk shows a discontinuity in the probability density across the boundary where
the bias occurs. The boundary conditions that are derived here are profoundly different from
the condition used in [3] and [4].

We continue in Section 3 by studying more general diffusion processes with a discontinuity
across an interior boundary. We show how hitting probabilities, occupancy times and condi-
tional occupancy times may be solved from problems that are adjoint to the original diffusion
problem. We illustrate our results in Section 4 with biologically motivated examples, where we
analyze the movement behaviour of an individual in a network of habitat patches surrounded
by dispersal habitat.

2. Biased movement at patch boundary

2.1. Bias at a single point

We start by considering random walks in a one-dimensional lattice. We assume that the
negative and the positive sides of the x-axis represent different habitat types, which will be
denoted by the subscripts — and + below. Two types of movement rules are considered.

Case A. (Discrete time.) Here we assume a discrete-time discrete-space process. At each time
step (the length of which is denoted by 1), the individual attempts to make a move either to the
left or to the right. The probability of death during the time step is denoted for x < O by c_t
and for x > 0 by c . If the individual does not die, it makes a move of length A_ if x < O or
A4 if x > 0. If the individual is not located at the origin, the probabilities of taking the move
to the left or to the right are assumed to be equal. If the individual is located at the origin, it
is assumed to have a preference in move direction. The probability of moving to the left (to
habitat type —) is denoted by (1 — z)/2 and the probability for moving to the right (to habitat
type +) is thus (1 4+ z)/2, where —1 < z < 1 measures the preference for the habitat at x < 0.
If z = 0, then there is no preference in boundary behaviour.

Case B. (Continuous time.) Here we start with a continuous-time discrete-space process. We
assume that during time d¢, an individual dies with probability c4 df or c_ dr and moves with
probability p df or p_ dt depending on whether x < O orx > 0. If the individual is originally
not at the origin, the probabilities of moving to the left or to the right are both %; at the origin
they are (1 — z)/2 and (1 + z)/2 respectively. The length of the move is denoted by A4 or A_.
If the individual is located at the origin, the death and movement rates are respectively denoted
by co and py.

In order to derive a diffusion equation approximating the movement behaviour described
above, we assume that both the time step and the step lengths are small. To do this, we denote
the spatial scale by A, so that A_ = g_A and Ay = g4 A, where g_ and g4 are assumed to
be constants. In Case B, we denote by p = 1/t the rate at which the steps are taken, and let
p+ = r+p and pg = rop, where ro, r_ and r( are constants. In Case A, where we did not
allow the time step to be different for the two habitat types, we simply let r+ = rg = 1.
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Assuming that A, T — 0 in such a manner that a = A2/27 remains a fixed positive constant,
the time evolution of the probability density v(x, ¢) of the individual’s location at time ¢ is
approximated by the diffusion equation

a_o0cxv(x,t) —c_v(x,t) forx <O,
ov(x,t) =
a4 oxxv(x,t) —cyv(x,t) forx > 0,

where a_ = r,qza and a4 = r+qia represent the diffusivity [9], [13]. We use 0; as a
shorthand for 8/9; and 9, for 3%/2.

As shown in Appendix A, the assumption that A, 7 — 0 with @ = A%/27 constant leads to
the boundary conditions

st(1—2)v0%, 1) =s_(1+2)v(07, 1), (2.1)
ardvO0" 1) =a_d,v0,1), (2.2)
where sy = r1q4 and s_ = r_g_ denote the relative velocities at which individuals are moving

at the positive and negative sides of the x-axis. The boundary condition (2.1) represents the
effect of the bias at the boundary, whereas (2.2) expresses the fact that the diffusion flux to the
left of the boundary must equal that to the right. Note that the density difference in (2.1) does
not depend solely on the preference at the boundary, but also on the relative velocities by which
individuals are moving at both sides of the boundary.

2.2. Bias in a boundary region

We now allow the walker’s diffusivity and bias to vary within a narrow ‘boundary region’.
Consider a regular one-dimensional lattice on which a walker at position x can spontaneously
move a distance A atrate p(x)(1£z(x))/2. We here assume that there is no mortality, though
it is straightforward to show that the same boundary conditions would apply if there were. We
assume that the hopping probability p and the bias z only vary within a region of width 2¢
around the origin, so

(z(£x), p(£x)) = (0, p+) forx > e.

We will then take the limit A — 0, ¢ — 0, in such a way that there is a constant ¢ > 0 for
which ¢ > ¢A and A2 p1 — 2a-. The probability density of the individual’s location at x will
then satisfy

Bu(x.1) = a_oxyv(x,t) forx <0, 2.3)
a4 oxxv(x,t) forx > 0.
2.2.1. Continuum limit. We first consider the case where the bias and diffusivity change slowly
in space relative to the step length A. In that case, we can take a spatial continuum limit before
taking ¢ — 0. As shown in Appendix B, in the diffusion limit the fundamental solution v(x, t)
satisfies
drv(x, 1) = dxx(a(X)v(x, 1)) — dx(b(x)v(x, 1)), 2.4

where a(x) = limy_o(p(x)/2)A2 and b(x) = lim,_¢ p(x)z(x)A. We assume that a and b
take the forms

a_ forx < —e,

a(x) = a<)—c) for —e < x < ¢,
e

ay forx > ¢,
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and

1-~

—b( ) for |x| < &,
b(x)=1¢

0 for |x| > &,

where @ and b are independent of £. The choice z ~ A /¢ is essential in order for the bias to
produce a finite discontinuity across the boundary.
After taking the limit ¢ — 0, we recover (2.3) and the boundary conditions

v(0")  a-  b(x)
200 = Zexp(/oo 2 dx ) 2.5)

a_3,v(07) = a; d,v(0H). (2.6)

As before, (2.6) represents an equal flux of individuals across the origin. It is straightforward
to show that these boundary conditions also apply if 3,a and b are of infinite support, provided
that lim, _, o0 @(£x) = a4+ and that lim,_, o xE(x) — 0. Moreover, (2.4) generalises to higher
dimensions, with d, being replaced by V, so these boundary conditions will also apply across
a smooth boundary, whose radius of curvature is much larger than ¢, where the integral in (2.5)
is performed along a local normal to the boundary. Note also that, if the motion obey’s Fick’s
law of diffusion, so that the underlying equation is

dv(x, 1) = dx(a(x)dxv(x, 1)) — O (b(x)v(x, 1))

rather than (2.4), then the equal-flux condition (2.6) remains unchanged but the discontinuity

condition becomes
v(01) </°° b(x) )
= exp ——dx
v(07) —o0 a(x)

2.2.2. General case. Similar results can also be obtained without assuming that € >> A; in that
case the boundary conditions are (2.6) and

v0h) - o 14z
v(07)  ay e z2(x")’

2.7)

Note that (2.7) reduces to (2.1) for the case where z(x) = 0 for x # 0 since when AL = A_
we have sy /s_ = ay /a_. The continuum limit (2.5) can also be obtained as a special case by
noting that 2z(x) = Ab(x)/a(x), so

1 b a
log 7 te — 2A— and Z 2z(x) — %dx as A — 0.

—Z a _e aX
X=—8€,—&+A,... &

3. Hitting probabilities and (conditional) occupancy times

In this section we assume a d-dimensional diffusion process with possible discontinuities
across interior boundaries. We derive adjoint problems from which hitting probabilities,
occupancy times and conditional occupancy times may be derived. For an introduction to
these concepts, we refer the reader to [10].

We assume that an open, connected set 2 C R? is composed of a finite number of disjoint
open sets ; so that @ = QO, where Q¥ = J; Q;. We let I'; be the boundary of ; and
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FIGURE 1: The domain 2.

let T';; = I'; N T'; be the common boundary of £2; and €2;. We assume that the boundary 92
of Q is composed of three disjoint parts: 02 = BU C; U Cy. We will referto I' = Ui# Lyj
as the interior boundary of €2, whereas 9Q = | J; I'; \ T is called the exterior boundary of .
An example of the domain €2 is illustrated in Figure 1.

We consider a general diffusion problem with drift and mortality with a reflecting boundary
condition on B and an absorbing boundary condition on C = C; U C,. We assume that the
diffusion, drift and mortality coefficients vary smoothly within each subdomain, but they may
be discontinuous between the subdomains. Motivated by the results of Section 2, we allow
the solution to the diffusion problem to be discontinuous through the interior boundary I', but
assume that its flux is continuous through I'.

We denote by v = v(x, ¢; y) the fundamental solution giving the probability density that an
individual is at x at time ¢ if it is given that it was located at y € € at time ¢ = 0. In other
words, the probability that the individual is located in the region X C 2 at time ¢ is given by
[y v(x, 15 y)dx.

The aim of this section is to address the following four questions.

1. What is the mean time that the individual is expected to spend in aregion X C €2 before it
hits C or dies? The density for the mean time will be denoted by u(x; y), so that Tx (y),
the mean time spent in X, is given by Tx (y) = f x u(x; y) dx. The exit time, defined as
the mean time before the individual hits C or dies, is denoted by T'(y) = To(y).

2. What is the probability that the individual hits C; before it hits C, or dies? The solution
to this problem will be denoted by p€'(y).

3. What is the conditional probability density that the individual will be at a point x €
at time ¢ if it is given that it will hit C; before it hits C» or dies? The solution to this
problem will be denoted by v€1 = € (x,t;y),

4. What is the conditional mean time that the individual is expected to spend in a region
X C Q before it hits Cy if it is given that it will hit C; before it hits C, or dies? The
density for the conditional mean time will be denoted by uC!(x; y), so that T,? '(y),
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the conditional mean time spent in X, is given by T)g 'y = [ X u€(x; y)dx. The

conditional exit time, defined as the conditional mean time before the individual hits C;

if it is given that it will hit C; before it hits C or dies, is denoted by T¢ (y) = Tgl ).
3.1. Preliminaries

We consider an elliptic partial differential operator .£ defined by

d d
L) =Y dlay ) f O]+ Y 3i1bi () f ()] — cx) f (x).

i j=1 i=1

The functions a;;, b; and ¢ represent diffusion, drift and mortality respectively, and 9; is used
as a shorthand for 9/9dx; and 0;; for 92 /(0x;0x ). The reason for multiplying by the functions
a;j and b; before differentiation is that this form is natural for most biological applications [9],
[13]. The adjoint operator L£L* is defined by

d d
L¥g(x) = Y aij(x)d;8(x) — Y bi(x)d;g(x) — c(x)g(x).

i,j=1 i=1

Formal integration by parts gives
/ gx)L f(x)dx
Q
= /Q F)L g(x)dx + Z/F () Frf(x) + f(x)F g (x)) dS, (3.1
k k

where d§ denotes integration along a curve with respect to the variable x,

Fef(x) =Y bt x) + > 8jlaij(x) f()nf (x) (32)
i i,j

is the flux of individuals at the boundary I'y and

FEQG) = — Y aij(x)dg(x)nk (x). (3.3)

i,j

Here n* (x) = {nf (x)}ld:1 denotes the exterior normal to the set Q¥ at x € I'y.

The formula (3.1) will play a central part in the derivation of the adjoint problems. We note
that a rigorous application of (3.1) would require that €2 and the functions a;;, b;, ¢, f and g
are known to be sufficiently smooth. As the rigorous validation of such conditions is beyond
the scope of the present paper, we will take the liberty of simply assuming that these conditions
apply whenever (3.1) is applied. This will certainly be the case for the examples considered in
Section 4.

3.1.1. Interior boundary conditions. We define the space 4(£2) as the space of functions f
which satisfy the interior boundary condition

kj(xo) f(xi) — ki(xo) f(x;)

for xj, x; — xo € I';; withx; € Q;,x; € Qj, and for which the flux ¥ f(x) is continuous
through the interior boundaries I';;. In other words, it is assumed that the relative value of
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the function f € A(£2) jumps from k; (xp) to k;(xo) as the boundary I';; is crossed from £;
through the point xo to €2;.

The space A*(2) is defined as the space of functions g which are continuous through the
interior boundaries I';; and which satisfy the interior boundary condition

ki(x0) F*g(x;) = kj(x0)F*g(x;).

forx;, x; — xo € I';; withx; € Q;, x; € Q;.
We note that, if f € A(Q) and g € A*(2), the boundary terms in (3.1) cancel for the
interior boundary I' and thus

/Qg(x)cﬁf(x) dx =/Qf(x)£*g(x)dx +/89(g(x)37f(x) + f(x)F*g(x))ds, (34

where F and F* are defined as in (3.2) and (3.3) but using n, the exterior normal to €2, instead
of nk.

When deriving occupancy times for a set X, partial integration will include terms integrated
over the boundary 9 X. However, we remark that (3.4) remains valid for this case also as we
will assume that, for any f € A(2), f and F f are continuous through X \ (a2 UT"), and
that, for any g € A*(£2), g and F *g are continuous through dX \ (3Q U T).

3.1.2. Exterior boundary conditions. We will need three types of boundary conditions. We say
that f satisfies the boundary condition B if # f(x) = Oon B and f(x) = 0 on C. We say that
g satisfies the boundary condition 8* if F*g(x) = 0 on B and g(x) = 0 on C. We say that
g satisfies the boundary condition B8¢* if £*g(x) = 0on B, g(x) = 1 on C; and g(x) =0
on C,.

3.2. The unconditional process

Definition 3.1. (Fundamental solution.) We denote by v = v(x, ¢; y) the fundamental solution
to the diffusion problem with drift and mortality, the parameter y denoting the initial state. More
precisely, we assume that v(x,7; y) € A(R2) forall t € (0,00), y € Q, and that v(x, t; y)
satisfies the equation

dv(x,t;y) = Lu(x,t;y), 3.5)
the initial condition
v(x,0;y) =48(x —y)
and the boundary condition 8.

Definition 3.2. (Occupancy time density.) We denote by u = u(x; y) the time integral of the
fundamental solution, defined by

u(x; y) = /OOO v(x, t; y)dr.

Integrating (3.5) with respect to time shows that u(x; y) € A(2) for all y €  and that u
satisfies the equation

Lu(x;y) =—6(x —y) (3.6)

and the boundary condition 8.
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Definition 3.3. (Occupancy time.) We denote by Tx = Tx (y) the mean time that an individual
located initially at y € €2 spends in area X before it hits C or dies, defined by

Ty = [ ueeiy)ax,
X
The following theorem shows that the occupancy time may be solved from an adjoint
problem.
Theorem 3.1. The occupancy time Tx(x) is the solution to the following problem: find a

Tx € A*(2) that satisfies the equation

—1 forx e X,

£ Tx(x) = {O forx e Q\ X,

and the boundary condition B*.

Proof. Assume that Tx (x) is the function defined in the theorem. Multiplying both sides of
(3.6) by Tx (x) and integrating x over €2 yields

/QTx(x)aCu(x; ydx = —Tx(y).

Utilizing (3.4) and the boundary conditions for # and T gives

Tx(y)=—/9u(x;y)£*Tx(x)dx =/Xu(x;y)dx-

As the exit time 7 is a special case of the occupancy time, T (x) = Tq(x), Theorem 3.1
shows that the exit time 7 may be solved from the equation £L*7 (x) + 1 = 0 with suitable
boundary conditions. We will next show the exit time T is related to a survival probability S
and a passage probability F.

Definition 3.4. Wedenoteby S = S(#; y) the survival probability that the individual has neither
died nor hit C at time ¢, defined by

S(t; y) =/Qv(x,t; y)dx.

We assume that the individual will eventually either die or hit the boundary C in such a
manner that S(¢; y)t — 0. This assumption should be satisfied for most applications, as for
example c(x) > ¢o > 0 for all x € Q ensures that S(¢; y) decays exponentially fast.

Definition 3.5. We denote by F' = F (¢; y) the probability density that the individual will hit
the part C of the boundary or die at time #, defined by

F(t; y) =—-0,S(@;y).

Utilizing (3.5) and (3.4) with f = v and g = 1 shows that

F(t;y) = /Qv(x, t; y)e(x)dx — /C Fu(x,t; y)ds. 3.7
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The first term on the right-hand side of (3.7) represents the possibility that the individual will
die, whereas the second term represents the possibility that the individual will hit C. The second
term motivates us to call Fv(x, t; y) the flux of individuals through a boundary.

The following lemma ensures that the exit time 7 is connected to the passage probability F
in an intuitive way.

Lemma 3.1. We have

T(y)= /ootF(t; y)dr.
0

Proof. The assumption that S(¢)t — 0 as t — oo yields

T(y) =/ u(x; y)dx
Q

o0
:// v(x,t; y)dtdx
QJO

= /OO S(t)dt
0

o
:/ tF(t; y)dt.
0

In order to consider the probability p€! that the individual will hit C; before it hits C» or
dies, we need to consider a single component of the survival probability S separately.

Definition 3.6. We denote by S¢' = SC1(¢; y) the probability that the individual has not hit
C1 before time ¢, defined by

t
SCl(t: y) =1 —+—/ Fu(x,t';y)dsdr. (3.8)
0 JC;

Definition 3.7. We denote by FC1 = FC1(¢; y) the probability density that the individual will
hit C; at time ¢, defined by

FOt; y) = =351 (15 y).

Definition 3.8. We denote by pC!(y) the probability that the individual located initially in
y € Q will hit Cy before it hits C; or dies, defined by

pCH(y) =1 =8 (c0; y).

Theorem 3.2. The hitting probability p©! (x) is the solution to the following problem: find a
pCl e A*(Q) that satisfies the equation

LS (x) =0
and the boundary condition B"*.

Proof. Let us first note that changing the order of integration in (3.8) shows that

pCiy) = — fc Fu(x; y)ds.
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Assume then that p©' (x) is the function defined in the theorem. Multiplying both sides of (3.6)
by p€'(x) and integrating x over S yields

/Q P @) Lu(x; y)dx = —pC(y).
Utilizing (3.4) and the boundary conditions for u and p€! gives
C — . * Cl .
P == [uinepOwar = [ Fuipas.
1

3.3. The conditional process

We let v¢1 = v (x, t; y) denote the conditional probability density for finding the indi-
vidual which is initially at point y at point x at time ¢ if it is given that the individual will
eventually hit C before it hits C; or dies. An elementary probabilistic consideration suggests
the following definition.

Definition 3.9. We define v<! (x,t; y) by the relation

pC(x)
per(y)’

V(x5 y) = v(x, 13 y)

We note that substituting

P (y)
pei(x)

v(x, 1, y) = v (x, 15 y)

into (3.5) would lead to a partial differential equation for v¢!, from which various quantities for
the conditional process could be derived directly. We will, however, proceed indirectly without
explicitly referring to the partial differential equation for v¢!.

The conditional process suggests the following redefinitions of S¢1 and FC!.

Definition 3.10. We denote by S¢! = SC1(¢; y) the probability that the individual has not hit
C before time 7, defined by

Sy =1 —pcl(y)[l —f vCi(x, 1 y)dx].
Q

Definition 3.11. We denote by F€! = FCi(t; y) the probability density that the individual
will hit C at time ¢, defined by

FOUt; y) = —9,5C (15 y).

The following lemma ensures that these redefinitions are consistent with the original ones.

Lemma 3.2. We have S€!(t; y) = S€1(t; y) and F€'(1; y) = FC'(1; y).
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Proof. Multiplying both sides of (3.5) by pC!(x) and integrating over €2 gives
FOUty) = =p1(p) /Q v (x, 15 y) dx
=- /Q v, 1; y)p© (x) dx

= _/ Lu(x, 15 y)p©l(x) dx
Q

=— Folx,t; y)ds
Ci

=F(@ y),
where the ~fourth equality is based on (3.4). It now easily follows that S’(t; y) = S(t; y), as, for
example, S(0; y) = S(0; y) = 1.

In analogy with the occupancy time density u, we let the function #€! denote the conditional
density for the mean time that an individual located initially in y € €2 spends at a point x before
it hits C1, conditioned on it eventually hitting C; before it hits C or dies.

Definition 3.12. (Conditional occupancy time density.) We denote by u€! = u€1(x; y) the
time integral of the function v¢!, defined by

o0
u€ (x;y) :/0 p© (x,1; y)dr.

It is clear that 1! is given by

pC(x)
pCi(y)’

u€l(x; y) = u(x; y)

Definition 3.13. (Conditional occupancy time.) We denote by T;(: ' = T;(: '(y) the mean time

that an individual located initially at y € €2 spends in area X before it hits Cy if it is given that
it will hit C before it hits C; or dies. Thus, T)E ! is defined by

Ty (y) = /Xucl (x: y) dx.

Theorem 3.3. The conditional occupancy time TXC '(x) is given by

G (y)

T = ey

where G)C(' is the solution to the following problem: find a Gx € A*(Q) that satisfies the
equation
—pCi(x) forxeX,

£ GX(x)Z{O forx € Q\ X,

and the boundary condition B*.
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Proof. Assume that G)C(1 (x) is the function defined in the theorem. Multiplying both sides
of (3.6) by G)C(1 (x), integrating x over 2 and applying (3.4) gives

G (y) =/chl(x)u(x;y)dx =pc1(y)/xuc‘(x;y) dx.

In analogy with Lemma 3.1, we note that
o
Gy = / LFC (1 y) dr,
0

where G (y) = G (y).

4. Examples
We will illustrate the results of Sections 2 and 3 with three examples.

4.1. A one-dimensional example

We start by illustrating the boundary condition derived for Case A in Section 2.1 with a
simple numerical example (Case B would behave similarly). We assume that 1 < x < 2
represents a habitat patch which the individuals prefer, and that the rest of the x-axis consists
of dispersal habitat. We assume that the strength of the bias at the boundary is z = 0.8, and
that the individuals have the same mortality and movement parameters in the habitat patch and
in the dispersal habitat. Figure 2 illustrates the quantities p€, u, u€, T and T€, both according
to simulations of the discrete process and according to the analytical solution to the diffusion
approximation.

4.2. A circle

We continue with a two-dimensional example, which will be used as a prerequisite for the
more comprehensive example of the next subsection. We assume that a disc Qy, C R? of radius
r is centred at the origin. We call the disc the habitat patch, and the area 24 outside the disc the
dispersal habitat. We denote the boundary between the habitat patch and the dispersal habitat
by I'. We assume that the operator £ is given by Lu(x) = Ala(x)u(x)] — c(x)u(x), where
a(x) =apand c(x) = ¢y > 0in @ and a(x) = aq and c(x) = ¢q > 01in 4. We assume that
the discontinuity of the probability density v across I' is quantified by functions kp(x) = kp > 0
and kq(x) = kq > 0, which are assumed to be constants within I". We let I'* denote a circle
of radius r 4+ s (with s > 0) centred at the origin. We denote by I, and K, modified Bessel
functions of the first and the second kind respectively [1]. Using the techniques of Section 3,
it is straightforward to derive the following results (see Appendix C).

1. Assume that an individual is initially on I'*. Then the probability P;(r, s) that the
individual will hit " before it dies is given by

Pirs) = 0@ H5) o)+ 06, 4.1y
Ko(aqgr)

wa= | and pr) = 2K1@D)
aq Ko(aar) .

where
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FIGURE 2: An illustration of boundary conditions derived for Case A in Section 2.1. Theregion1 < x < 2
represents a habitat patch with boundary C = {1, 2}. The individuals are assumed to prefer the patch
as expressed by the bias z = 0.8 at the boundary. The dots refer to simulation results, which are based
on simple bookkeeping of movements of 10° individuals that were initiated at y = 0, y = 1.5 and
y = 2.5 and simulated until death occurred. The lines refer to analytical results based on the diffusion
approximation derived in Section 2.1 and its elaborations derived in Section 3. Panel (a) depicts p€ (x),
the probability of hitting the boundary of the patch. Panel (b) depicts u(x; 0), the occupancy time density
for an individual starting at y = 0 (continuous line), and 1€ (x; 0), the conditional occupancy time density
for an individual starting at y = 0 (dashed line). Panel (c) depicts 7' (x), the mean exit time (continuous
line), and T (x), the conditional mean exit time (dashed line). The parameters ¢ = 10, A = 1—10 and
T = 1073 are assumed to be the same for the habitat patch and for the dispersal habitat.
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2. Assume that an individual is initially on I". Then the probability P, (r, s) that it will hit
'S before it dies is given by

—1
Py(r,s) = [adr(ﬁl + M)] —1—sp) + 06D, (@2)
dalo(onr)

where

B1 = Ii(aar)Ko(aa(r +s)) + lo(aa(r + 5)) K1 (aar),

B2 = Ip(aa(r + s))Ko(aar) — Io(aar)Ko(oa(r + ),

ap = c—h, Oh = knoman, 84 = kqorgaq,

an
and
pr(r) = Snly(onr)
agkalo(anr)’

3. Assume that an individual is initially on I". Then the mean time 7' (r, s) that the individual
is expected to spend in the habitat patch before it hits I'* or dies is given by

_ Salo(enr)pi\]™" _ 2
T\ (r,s) = [Ch(lﬁ‘m)} =st1(r) + O(s9), “4.3)

where
kn Iy (anr)

Hr)y= ————7
1) kaagon Io(onr)

4. Assume that an individual is initially on I". Then the mean time 7> (r, s) that the individual
is expected to spend in the habitat patch before it hits I'* if it is given that it will hit [
before it dies is given by

Snanr (I (atnr) — I3 (anr)]
2cnlo(onr)[8n 11 (anr) + dado(omr) (B1/B2)]

To(r, s) = =st(r) + O(s?), (4.4)

where

h(r) =

knr |:1 Ilz(ozhr):|

2aqkq - Ig(othr)

5. Assume that an individual is initially on I'. Then the mean time 73 (, s) that the individual
is expected to spend in the habitat patch before it hits I'* if it is given that it will die before
it hits I'*, is given by

Ti(r,s) — Pa(r, s)Ta(r, 5)

I3(r,s) = = Prs) =13(r) + O(s),

where

1 anr[I§ (anr) — 17 (anr)]
nBr)=—11-
Ch 21o(onr) 11 (onr)

Note that, for s — 0, any path that returns from Qp to I' will hit ' almost surely. This
means that the condition that the individual dies before hitting I'* is synonymous with the
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FIGURE 3: A comparison of the occupancy time 77 (continuous line) with the conditional occupancy times
T> (dashed line) and 73 (dot-dashed line). The parameter values are a, = aqg = ch = ¢qg = 1—10, kqa =1,
kn =10and r = 1.

individual never leaving €2p, which is reflected by the fact that lims_. 73(r, s) is independent
of the properties of 24. Figure 3 illustrates how the quantities 77, 7> and T3 differ from each
other.

4.3. A highly fragmented landscape

We will finally consider the problem of ‘a highly fragmented landscape’, which gave the
original motivation for this paper. We assume that the plane R? contains a finite number 7 of
disjoint habitat patches 2; (i = 1, ..., n)surrounded by dispersal habitat Q4 = RZ\Ui ;. The
notion of a ‘highly fragmented landscape’ comes from the assumption that the habitat patches
are small. Due to habitat loss and habitat fragmentation, such landscapes are increasingly
relevant in biological applications [5]. For technical simplicity, we assume here that the habitat
patches €2; are discs with radii r; = € R;, where the R; are fixed and 0 < ¢ < 1, and we will be
concerned with the limit ¢ — 0. The centroid-to-centroid distance between patches i and j is
denoted by d;;, and the boundary of patch i is denoted by I';. Utilizing the asymptotic results
derived in the previous section, we will solve the following three problems.

1. What is the probability P;; that an individual initially on I'; will hit I'; before it dies and
before it hits I'y with k # i, j? We will use the convention P;; = 0, so that the probability
that the individual will die before hitting any of the I'j for j #iisu; =1—X; P;;. We
note that the above definition for the probability P;; is not well posed, as the individual’s
location within I'; may have an effect. However, as ¢ — 0, the inconsistency disappears,
and our results (which will contain an error term of order @ (¢)) will hold for any initial
location.

2. What is the mean time F; that an individual initially on I'; will spend in the patch €2;
before it dies or hits any of the other patches?

3. What is the mean time T;; that an individual initially on I'; will spend in patch €2 ; before
it dies?

The first hitting probabilities P;; are relevant, for example, for species which disperse as
juveniles from their natal habitat patch and search for a new patch to colonize. The mean times
F; and T;; are relevant, for example, for species which may leave propagules in several patches,
if it is assumed that the expected number of propagules left in a patch is proportional to the
time spent in the patch.
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FIGURE 4: An illustration of the quantities P = P;;, F = Fj and T = T;; in a hypothetical network of

habitat patches. The spatial scale may be considered to be kilometers, and the sizes of the patches are

1 hectare (the six large patches) or 0.5 hectares (the two small patches). The sizes of the discs have been
enlarged in the figure. Parameter values as in Figure 3.

In order to derive P;;, we denote by Z the matrix with entries

_ Ko(aadij)

T = 7
YT Ko(aar))

fori # jand Z;; = 1. Welet D(p) denote the diagonal matrix with entries D(p1);; = p1(ri),
and we let S = D(p1)Z~'. As shown in Appendix D,

—S;j
Pii=——"—[14+0()]. 4.5)
VS 4 pari)
In order to derive the mean times F; and T;;, we let X = S + D(p2), where D(p>) is a
diagonal matrix with entries D(p2);; = p2(ri), and we let D(¢1) denote a diagonal matrix with
entries D(#1);; = t1(r;). As shown in Appendix D,

Fj= 0ty [1+ 0], (4.6)
Xjj
T=X"'D@)[l+0(@)]. .7

Figure 4 illustrates the quantities P;;, F; and T;; in a hypothetical network of habitat
patches, where both the parameter values and the properties of the landscape have been chosen
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to correspond roughly with some butterfly metapopulations [5]. We show the first hitting
probabilities and the mean times spent in the habitat patches, assuming that an individual is
initially in the black patch (patch i). The four patches marked with crosses are identical with
respect to their size and distance from the filled patch, and thus the differences in their P, F
and T values are solely due to fact that the other habitat patches are in a sense competing for
the migrating individual.

5. Discussion

We have derived boundary conditions for the diffusion approximation of a random walk
with preference in movement direction at a single point, and for a random walk with biased
movement in a narrow boundary region. The boundary conditions (Sections 2.1 and 2.2) imply
that the probability density of an individual’s location is expected to be discontinuous across
the boundary. The present result is contrary to the results of earlier analyses [3], [4], which
have used the boundary conditions

aaydv(04,1) = (1 — a)a_d,v(0—,1), 5.1
ay0xx (04, 1) + cyv(0+, 1) = a_0vxx (0—, 1) + c_v(0—, 1), (5.2)

where the parameter « quantifies the bias at the boundary. These conditions follow from skew
Brownian motion, which is obtained as a limit of a random walk in a one-dimensional lattice
where at one point there is a directional bias in the probability of reversing directions. The
condition (5.1) represents a discontinuous flux, which implies that individuals accumulate at
or emanate from the boundary.

We expect that the present result should find a number of constructive applications in studies
attempting to quantify movement in landscapes consisting of mosaics of patches of different
habitat types. For example, diffusion approximations of random walks with appropriate
boundary conditions at patch boundaries would provide a natural framework for analysing
mark-recapture studies conducted in heterogeneous landscapes. So far, such studies have been
analysed using more phenomenological models without reference to mechanistic assumptions
about movement behaviour [6], [11].

Appendix A. Derivation relating to bias at a single point

As illustrated in Figure 5, we shorten the notation by writing v4;(t) = v(£A+i, t) for the
probability density of the individual’s location. The length of the interval around vy is denoted
by Ao = koA.

FIGURE 5: An illustration of the one-dimensional grid.
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A.l. Case A

The mechanistic description of the random walk gives the following equations for the time
evolution of the probability density v around the origin:

A+ c-Drv2() + 1A = 2)Aovo(®)]

A_v_1(t+1) = > ) (A1)
Aovo(t + 7) = [(1+ C—T))»—v—l(l)z-lr (r+ C+f))~+v1(t)], A2)
howi(t 4 7) = (I+cro)[ + Z);»ovo(t) + Mvz(t)]. A3)

We assume that the function v(x, ) may be approximated by a first-order Taylor series at both
sides of the boundary. In this case, we have

Vo1t + 1) =v_1(t) + THV(=A_, 1) + O(z?), (A4)
Vit + 1) =01() + 1Ay, 1) + O, (A.5)
V_a(t) = v_1(t) — A_dxv(=A_, 1) + ON2), (A.6)
V(1) = V(1) + AV 0q 1) + OOD). (A7)

In order to derive the boundary condition (2.1), we start by noting that (A.1), (A.3), (A.6) and
(A.7) give
g+ =2t +1) —g-1+2)v_1(t +7)

_ 9+ —2u @) —g-(1 +2)v_1 (1)
2

+ 0O +A). (A.8)
On the other hand, by (A.4) and (A.5),
g+ =21 +7) —g-(1 +2)v—1(t +7)
=g+(1 —2v1@) —g-(1+2)v_1(¥) + O(7). (A.9)
Combining (A.8) and (A.9), we obtain
g+(1 =21 (t) — (1 +2)g-v-_1(t) = O(r + A),

Thus, assuming that T — 0 and 2 — 0 (without assumptions about the way this happens), we
obtain the condition (2.1).
In order to derive the boundary condition (2.2), we note that, by (A.1) and (A.3),

Va6 — v (1) = vy (1) — (1 — Z)Z—fvo(t) + 0O, (A.10)
() — vi (1) = vi (1) — (1 + z);]—ivo(t) +0(). (A.11)
Thus,
420,001, 1) — agP (=1, 1) = agy 20 . LN 10) . =10 L om

_ 4V g-v- — 2qov0
N A

—@(T +A>

=0(; ,

+(9(T +A)
Y
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In the above derivation, the first equality is based on (A.6) and (A.7), the second equality is
based on (A.11) and (A.10), and the third equality is based on (A.2). Assuming that A, 7 — 0
in such a way that t = (9()\2), we obtain the condition (2.2).

A.2. Case B
In this case, the mechanistic rules give the following equations for the time evolution of the

probability density v:

p—A—v_1(t) + p1 Ay vi(1) ds
5 )

Aovo(t +dt) = [1 — (po — co) dt]hovo(2) +

Writing similar equations for v; and v_ and rearranging leads to the equations

DBt () = —h (P — e Y1 () + [p—A_v_r(?) + (21 - Z)Pof\ovo(t)]7
[P—A-_v_1(?) + prAtvi(D)]

5 ,
1A 02(8) + (1 4 2) porovo(t)]

Apdui () = —Aqp(py —cpui(0) + L 5 .

A00rvo(t) = —Ao(po — co)vo(r) +

The boundary conditions follow as in Case A.

Appendix B. Derivation relating to bias in a boundary region

Starting from the model defined in Section 2.2, the probability P (x, t4dt) that the individual
is at position x at time ¢ + dr satisfies

P(x,t +dt) = (1 — p(x)dP(x, 1) + p(x — D)1 +z(x — X)) P(x — A, 1)
+ 2p(x + (1 = z(x + 1) P(x + A, 7).

Performing a Taylor expansion in time, the probability density of the individual’s location
v(x,t) = P(x,t)/A satisfies

du(x, 1) = J(x, 1) — J(x + A, 1), (B.1)
where
J(x) = 3p(x — D+ z2(x — D)v(x — A, 1) — $p)(1 — z(x)v(x, 1).

For |x| > ¢, z(x) = 0 and p(x) = p4, and (2.3) follow in the usual way [13].

B.1. Continuum limit

Assuming that p and z vary slowly, we can perform a Taylor expansion of J in (B.1) to give
du(x, 1) = A2 (p)V(x, 1)) = Mx (p(X)z(X)v(x, 1)) + O p + 17 p2).

Letting now A — 0, 1/p — 0, 1/z — 0 in such a way that A>p — 2a(x), Apz — b(x), we
obtain (2.4).
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Integrating (2.4) over x yields

X2
f dv(x’, 1) dx" = d,w(xz) — dew(xr, 1) — b(x2)v(x2, 1) + b(x)v(xy, 1), (B.2)
x|
where w(x) = a(x)v(x). Setting x; = —§ = —x», where ¢ < § < 1 so that b(£5) = 0, we
find that

dew(—8) — By w(8) = a_dv(—38) — adv(8) = O(F).

Taking ¢ — 0, § — 0 leads to (2.6).
Setting x1 = 0, writing C = b(0)v(0, t) — d,w(0, ¢), multiplying (B.2) by the integrating

factor . ,
I(x) = exp(—/ bx) dx’)
o a(x’)

/xfx I v(x”, )dx" dx' = I(x)w(x,t) —w(0,1) +C fx I(x")dx'. (B.3)
0 J0 0

and integrating leads to

We now set x = +8, with ¢ < § < 1, and note that the left-hand side of (B.3) is O (8%), and
the integral on the right-hand side of (B.3) is O(8). Rearranging,
+5 5
w(xd8) = (w(0,t) + O()) exp(f ﬁ dy),
o a(y)

Taking ¢ — 0 and then § — 0 as before, we obtain the discontinuity boundary condition (2.5).

B.2. General case

Summing (B.1) from x = —§ to x = x; — A, where § > ¢, gives
X1—A
J=8) =T = Y dx.1). (B.4)
x=—8,—8+X,...

First set x; = § and § > . We express J in terms of v and perform a Taylor expansion, to
give J(£8) = Ap+dv(x, t)|r=xs + O(A>p). As there are 2(§/A) terms in the sum on the
right-hand side of (B.4), the sum is O(§/1). We multiply (B.4) by A and let A — 0, to get
a_v(—48,t) —azv(s,t) = O(J), leading to (2.6) when § — 0.

Rewriting J in terms of v in (B.4),

PG+ 2o, 1) — 2pe + M1 — 201 + A)v(x1 + 4, 1)

X1

= J(=8,1) — Z ', 1).

X'=—=8,—0+A,...

Multiplying by Z(x;) = [T}__5(1 — 2(x"))/(1 + z(x")) and summing up to x; = § — A,

x'=

5—X x'

p(=8)v(=6,t) — p(S)v(s,1)Z(5) =2 Z Z(x/){J(—(S, t) — Z v (x”, t)}.

x'==8 x""=0
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We multiply by A2 and consider the dominant behaviour of J and >, vtoget

§—A
a_v(=38,1) — Z(8)asv(st) = Z Z(x)O(h + 225). (B.5)

x'==8

Since Z(x) = exp Y __slog[(l —z)/(1 + z)] and the sum contains (x + §)/A terms, it is
possible for Z(x) to diverge or vanish when A — 0. Assuming first that lim,_,o Z(8) is finite
and nonzero, we see that the right-hand side of (B.5) is O(§ + 52 /A), so in the limit A — 0
followed by § — 0 we obtain the discontinuity boundary condition (2.7). Alternatively, if
Z — ooor Z — 0as A — 0, (B.5) suggests that v(0T) — 0 and v(0~) — O respectively,
and we note that (2.7) is correct for these limits too.

Appendix C. Derivations relating to the circle

Since the system has circular symmetry, the Laplacian may be written in the form

5 1d d
Vi=——\x—,
xdx \ dx

where x is the distance from the centre of the circle. The quantities in Section 4.2 are all
obtained by solving an equation of the form

a2 . d . ;
ai~—FD )+ 2 = FD () — ¢; FD (x) + ¢,GP (x) = 0, (C.1)
dx? x dx !

where i = h for0 < x < r,i =d forx > r and the superscript (j) denotes the particular
quantity under consideration. The general solution to (C.1), subject to F/)(0) being finite,
may be written in the form

Io(nx){AD + L (x, 1)} + Ko(anx) M (0, x) for0 <x <r,

FO = 4 . . .
Io(agx){BY) + L((j'])(x, 00)} + Ko(agx){CP + Mé'l)(r, x)} forx >r,

where AV, BY) and C) are constants, o; = /c; /a;, I, and K, are modified Bessel functions
of the first and second kind respectively (see [11, Section 9.6—in particular, 9.6.14, 9.6.27, and
11.3.31]), and

X2

LY (x1,x0) = / yKo(@iy)G (y)dy,
X
o

M) = [ yio@inGP ;) dy.
x|
The quantity Pi(r,a) = F(r + s) in (4.1) is obtained from G" = G{" = 0, and
applying the boundary conditions FO@E) = 1, limysoo FY(x) = 0, whence BD = 0,
CcY = 1/Ko(aqgr). The other quantities in Section 4.2 are obtained by considering x <r +s
only, and choosing A), BY) and C/) such that F) satisfies the boundary conditions
lim FY(x) = lim_ FD(x),

X—>r— X—>r

4o 4o
knan lim —FY(x) = kgag lim —FY/(x),
x—r— dx x—rt dx

F(j)(r +5) = f(j),
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that is, the constants satisfy the following linear system of equations:

AD Iy(anr) + Kolanr )M 0, r) = BD Ip(aar) B + CY) Ko(aar),
anknan[AD Ty (anr) — Ky (anr) M (0, 1) = agkaaal BY I (aar) — CP Ky (@ar)],

f9 =BV (el +5)) + CV Ko(aa(r +9)),
where for simplicity we have assumed that G((lj ) = 0, which is the case for the examples
considered here. ‘
Using the results in Section 3, the specific values of GEJ ) and £ are:

G¢'=a6P =0, fO=1,

Equation (4.2) is obtained with P> (r, s) = F® (r);
1
Pwm=—, G =0, fO=o,
Ch

Equation (4.3) is obtained with T} (r, s) = F® (r);

F®
Gﬁ‘”(x):—ch(x)’ G =0.  f¥=o

Equation (4.4) is obtained with T5(r, s) = F® (r)/F® (r).

Appendix D. Derivations relating to the highly fragmented landscape
D.1. Derivation of (4.5)

In order to derive the probability P;;, we first draw a circle I'} around each patch i, so that
the distance between the patch boundary I'; and the circle I'j is s > 0. We will eventually
consider the limit s — 0, so we may assume that s is so small that the circles I'} are disjoint.

We start by deriving an expression for P;;(s), which is defined to be the probability that an
individual initially on I'} will hit I"; before it dies or hits any other of the patch boundaries. As
the probability P;;(s) does not depend on the diffusion parameters inside the habitat patches,
we may assume for a moment that there is no difference between the habitat patches and
the dispersal habitat, and thus the boundaries I'; are solely technical. We let H;;(s) denote the
probability that an individual which is initially on I'} will hit I"; before it dies, but not necessarily
before it hits any other habitat patches. From (4.1) we obtain H;;(s) = 1 — sD(p1)i; + O(s?)
and H;;(s) = Z;j[1 + O(s + ¢)], where the error term O (s + ¢) for i # j is due to the fact
that the individual may be on I'; in any direction from patch i. We let E;(s) be the probability
that the individual on I'; will hit I'j before it dies. By (4.2) and the assumption that the patch is
indistinguishable from dispersal habitat, E,- (s) is given by Ei (s) = 1 + O(se) + O(s?). Next,
we let Z(s) denote the matrix with entries Z;;(s) = E,- (s)H;j(s) for j # i and Z;;(s) = 1.
Then

H(s) = P(5)Z(s) (D.1)
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and thus P(s) = H(s)Z~!(s). To illustrate, we write the (1, 2)th entry of (D.1) as
Hya(s) = P1i()E\(s)Hi2(s) + Pia(s) + -+ + Pro(s) En(s) Hua (s). (D.2)

The left-hand side of (D.2) gives the probability that an individual on I'] will hit I'; before it dies.
For example, the last term in the right-hand side of (D.2) is the probability that an individual
on I'f will hit I', before it dies or hits any other patches, multiplied by the probability that the
individual on I',, will hit I}, before it dies and by the probability that the individual on I'} will hit
I, before it dies. As H(s) = (Z(s) —sD(p1)[1+O(se+s*)] and Z(s) = Z[1+ O (se +52)],
it follows that P(s) = (I —sS)[1 + O(se + 5?)].

Finally, we retain the assumption that patches are different from dispersal habitat, and let
E; (s) be the probability that an individual on I'; will hit '} before itdies. By (4.2), E;(s) is given
by Ei(s) = (1 — p2(r)s)[1 + O(s2)] = 1 + O(se + 52). As Pij = E;(s)[P;j(s) + Pii (s) Pij]
and as E;(s) Pii(s) = 1 — s(p2(ri) + Sii) + O (es + s?), it follows that
Ei(s)Py(s) =Sy

P; = lim = L—[14 0]
V501 — E;(s)P;;(s) Sii + p2(ri)

D.2. Derivation of (4.6) and (4.7)

Assume that an individual is initially on I';. The probability that the individual will die
before it hits I‘f is I — P>(r;, s). If it is known to die, then it will spend on average the time
T5(r;, s) in the patch before it dies. If it hits the boundary first, which happens with probability
P,(r;, s), then it will spend on average the time 75(r;, s) in the patch before it hits I'}. If the
individual is on I'}, it will hit ' next with probability P; j(s) and die before hitting any of the
patches with probability 1 — X; P;;(s). By the above reasoning,

Tij = [1 — Px(ri, $)16;j T5(ri, s) + Pa(ri, 5) |:3ijT2(ri: s) + Z Pik(S)Tkji|'
k

In matrix form, we have T = Y (s) + X(s)T, where Y (s) is a diagonal matrix with entries
Yii(s) = [1 = P2(ri, OIT3(ri, ) + Po(ri, )Ta(ri, 8) = Ti(ri,s) = sti(ri) + O(s?), and
the entries of the matrix X (s) are defined by X;;(s) = P2(ri, s)P;j(s). As §;j — X;j(s) =
sXij + O(se +52), it follows that T = lim,_.o(I — X(5))~'Y(s) = X 'D(t)[1 + O(e)]. In
order to derive (4.6), we note that

Fi =1 = Py(ri, $)1T3(ri, 8) + Pa(ri, $)[T2(ri, s) + Pii(s) Fi]
=Ti(ri,s) + P2(ri, ) Pii (s) F;.

Thus, F; = T1(ri, s)/(1 — P2(ri, s) P;i (s)), from which (4.6) follows by letting s — O.
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