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Abstract

Influenza in humans is characterised by strongly annual dynamics and antigenic evolution leading to partial escape from prior

host immunity. The variability of new epidemic strains depends on the amount of virus currently circulating. In this paper, the

amount of antigenic variation produced each year is dependent on the epidemic size. Our model reduces to a one-dimensional map

and a full mathematical analysis is presented. This simple system suggests some basic principles which may be more generally

applicable. In particular, for diseases with antigenic drift, vaccination may be doubly beneficial. Not only does it protect the

population through classical herd immunity, but the overall case reduction reduces the chance of new variants being produced;

hence, subsequent epidemics may be milder as a result of this positive feedback. Also, a disease with a high innate rate of antigenic

variation will always be able to invade a susceptible population, whereas a disease with less potential for variation may require

several introduction events to become endemic.

r 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Influenza A remains at high incidence levels in the
human population through its ability to evade host
immune surveillance by mutations that gradually
changes the viral antigens (Cox and Subbarao, 2000;
Fitch et al., 1991, 1997; Pease, 1987; Webster et al.,
1992). The host immune response changes continuously
in the sense that immunity to one strain of influenza
confers a partial immunity against related strains (Gill
and Murphy, 1976; de Jong et al., 2000). This cross-
immunity wanes with decreasing relatedness between the
immunising and the challenging strain (de Jong et al.,
2000; Pease, 1987). Thus each epidemic must meet two
requirements to allow for the possibility of a subsequent
epidemic. First, the viral population must be large
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enough to produce sufficient genetic variation to allow
for antigenically novel strains to appear; Pease (1987),
de Jong et al. (2000), and Fitch et al. (1991) have all
recognised the necessity of this to the evolution of
influenza A. Second, the epidemic must avoid conferring
too much immunity such that the resulting susceptible
pool is too small to support subsequent epidemics of
arising strains. The purpose of this paper is to formulate
a model that includes the interplay between the amount
of drift and the epidemic size, and to explore its
behaviour.
Antibodies are formed to several antigenic sites; the

most important of which are associated with a surface
protein hemagglutinin (HA) which undergoes rapid
positive immuno-selection (Bush et al., 1999; Fitch
et al., 1997). Five key epitopes appear to allow a wide
range of antigenic variation, without impairing viral
functionality (Wilson and Cox, 1990). This accumula-
tion of mutations over the years is known as influenza
drift. In addition to drift dynamics, so-called shifts occur
every few decades, which are more dramatic changes
that are the result of reassortment events, in which new
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sub-types can emerge to which there can be little
immunity (Webby and Webster, 2001). However we
shall focus on the dynamics of influenza evolution
during periods of drift of a single subtype.
Pease considered the effect of drift on influenza’s

transmission dynamics using a model with a constant
rate of drift with time. Andreasen et al., (1996) analysed
a similar model that focused on the dynamics of
influenza A in antigenic space. More recently, Andrea-
sen (2003) utilised the seasonality of influenza epidemics
(Cox and Subbarao, 2000), modelling the drift process
by assuming that a new strain arises each year and
causes an epidemic, the size of which depends on the
available susceptible pool. The model presented here
shares the annual structure of the Andreasen model, in
that we assume a new epidemic strain at the beginning of
every influenza season; in addition, we allow a two-way
interaction between the epidemiological and evolution-
ary dynamics.
The key new element introduced in this paper is

that the amount of season-to-season drift depends on
the size of the previous season’s epidemic. A large
epidemic may cause enough genetic variation to give rise
to a strain which almost completely escapes host
immunity during the next season while a small epidemic
will cause only minor drift in the antigenic type of
next year’s strain. With each infection, influenza
generates immunity in the infected host; it may also
mutate contributing to antigenic drift which will help
it escape next year’s herd immunity. This model allows
us to study the balance between these two opposing
forces.
There are three subsequent sections. Section 2

introduces the model, constructing the epidemic phase,
the season-to-season phase, then finally interleaving
these to form the full model. Section 3 presents an
analysis of the model, including discussion of the
implications. First, we consider steady equilibrium
dynamics, where epidemics are the same size every year,
then the whole map is considered and behaviour
classified within parameter space; finally we consider
an initial condition of an entirely susceptible population
in order to mimic invasion dynamics, perhaps after a
shift event. Section 4 presents a general discussion and
conclusions.
2. The model

In this section, we construct the mathematical model.
There are two distinct phases to the model: an epidemic
phase, and a season-to-season phase. A range of
different formulations can result in the same dynamical
system, a point we return to below. For the description
presented here, we use a history-based formulation,
where partial cross-immunity acts to reduce how
infectious a host is, if he ever gets infected again
(Andreasen et al., 1997; Gupta et al., 1998).
The susceptibles in our host population are described

by the variables qi for i ¼ 0; 1; 2; 3; etc. and q�: These
denote the proportion of the population that was last
infected i years ago (qi), or the proportion of individuals
that have never been infected by influenza (q�). The
population class q0 refers to hosts who were infected this
year and are now recovered. Later, we will include basic
population demographics (births and deaths).
For simplicity, we assume that there is one strain each

season, but this strain changes from season to season.
We assume that mutations accumulate: mutations back
to previous strains are unlikely. Denote the antigenic
distance mutated since the strain i years ago by di; so
that d0 ¼ 0: Cross-immunity, t; is a decaying function
of this distance:

tðdiÞ ¼ e�adi ; tðd�Þ ¼ 0:

The exponential function is chosen as it has the
property tða þ bÞ ¼ tðaÞtðbÞ which will be used below.
In terms of immunity, this property means that effective
immunity decays at an exponential rate dependent only
on antigenic distance to the last challenging strain.
The infectiousness of a host who was previously

infected i years ago is reduced by a factor ð1� tðdiÞÞ:
Hence t ¼ 1 means total immunity, and t ¼ 0 means the
host has no effective immune memory. Hosts infected
during the current year, q0; are totally immune and hosts
never previously infected, q�; are totally susceptible. We
assume that individuals cannot get infected twice in one
season; this assumption has no consequences since in a
reduced infectivity model, an individual experiencing his
second infection would not be able to infect anyone else.

2.1. The epidemic phase

In temperate regions of the northern hemisphere,
influenza A is a winter disease (de Jong et al., 2000;
Webster et al., 1992). During the months between
November and April, an epidemic runs through
susceptible host populations. To model this, we use
the classical SIR model (Anderson and May, 1991),
modified by cross-immunity from previous infections:

’qi ¼ �bqi p� þ
XN
j¼0

ð1� tðdjÞÞpj

 !
for i ¼ �; 1; 2;y;

’pi ¼ þbqi p� þ
XN
j¼0

ð1� tðdjÞÞpj

 !
� npi

for i ¼ �; 1; 2;y;

’q0 ¼
XN
i¼1

npi þ np�;
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where pi is the proportion who are currently infected,
but were previously infected i years ago. The dynamic
variable p� represents infected individuals who have
never previously been infected, while the variable p0 ¼ 0
since individuals cannot be reinfected once they enter
the q0-class. These equations can be much simplified by
using the variables I and S to denote effective infectious
and susceptible proportions, where proportions are
weighted by their infectiousness:

S ¼ q� þ
XN
j¼0

ð1� tðdjÞÞqj; ð1Þ

I ¼ p� þ
XN
j¼0

ð1� tðdjÞÞpj: ð2Þ

These sums could equally start at j ¼ 1; since the p0 class
is empty and since tðd0Þ ¼ 1: Using these variables, the
system reduces to the classical SIR system,

’S ¼ ’q� þ
XN
j¼0

ð1� tðdjÞÞ ’qj

¼ � b q� þ
XN
j¼0

ð1� tðdjÞÞqj

 !

� p� þ
XN
k¼0

ð1� tðdkÞÞpk

 !

¼ � bSI ;

’I ¼ ’p� þ
XN
j¼0

ð1� tðdjÞÞ ’pj

¼ þ b q� þ
XN
j¼0

ð1� tðdjÞÞqj

 !

� p� þ
XN
k¼0

ð1� tðdkÞÞpk

 !

� n p� þ
XN
j¼0

ð1� tðdjÞÞpj

 !

¼ þ bSI � nI ;

where differentiation of infinite sums is valid as long as
the partial sums and their derivatives converge uni-
formly. These equations describe a simple epidemic, and
the final values of the system may be easily found:

dI

dS
¼ �1þ 1

rS
;

I ¼ �S þ r�1 log S þ constant;

where r ¼ b=n is the basic reproductive ratio of
influenza: the average number of secondary cases a
single case would generate in a totally susceptible
population. If the epidemic starts and ends with a very
small number of infections, we have

�Sinitial þ r�1 log Sinitial ¼ �Sfinal þ r�1 log Sfinal :

Define y to be the severity of the epidemic—in that it
describes the proportion of individuals who were not
infected—as follows:

y ¼ Sfinal

Sinitial

:

The smaller y is, the more severe the impact of the
epidemic. We have

�Sinitial þ r�1 log Sinitial ¼ �ySinitial þ r�1 log ðySinitialÞ;

0 ¼ rSinitialð1� yÞ þ log y:

The trivial solution, y ¼ 1; corresponds to there being
no epidemic. We seek a non-trivial solution and
conditions for its existence. Dividing by ð1� yÞ; we
define fðyÞ as follows:

rSinitial ¼
�log y

1� y
¼ fðyÞ: ð3Þ

It is then possible to show

* f0ðyÞo0;
* fð1Þ ¼ 1;
* limy-0 fðyÞ ¼ þN:

This can be demonstrated by application of the simple
inequalities

y � 1

y
plog ypy � 1; ð4Þ

which hold for all y40; with each equality if and only if
y ¼ 1:
Then, every value rSX1 corresponds to a unique

yAð0; 1	: Given a value for SinitialXr�1; the implicit
equation (3) gives a value for y which in turn gives Sfinal :
See Fig. 1. For the epidemic to take off, we must have
rSinitialX1: If Sinitialo1=r then there are not enough
susceptibles, and we deem this to be a stopping point of
the model.
We could also calculate final values for the qi using y;

but as we discover below, it is not necessary to do this
explicitly.

2.2. Season-to-season phase

In this phase, we calculate the next season’s initial
values from the previous season’s final values. The qi are
all shifted by one year, a new strain is identified, and
host births and deaths are taken into account.
The new strain is some distance d away from the

previous epidemic strain, which then generates all the
new di: The distance mutated depends on the number
and severity of infectious cases in the previous epidemic;
we call this Itotal : The higher the severity of the epidemic,
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Fig. 1. Epidemic impact as a function of initial susceptibles and fðyÞ: Here, r ¼ 3: In panel (a), when SX1=r; y is given by the solution of (7). When

So1=r; there is no epidemic. The larger S is, the smaller y is, and hence the more severe the epidemic. Panel (b) shows fðyÞ which decreases

monotonically from þN to 1 on the interval ½0; 1	:
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the more likely a distant strain is to arise. This implicitly
assumes that there is some selection process at work—a
strain which has more potential to infect the population
is more likely to be the new epidemic strain than one to
which the population is largely immune. A wider choice
of variants results in a higher expected amount of
change. As a simple model, we take

d ¼ dþ bItotal ;

where b is a constant, and d is a minimal amount of
mutation. This minimal mutation can account for
mutation in a chain of infection persisting over the
summer months, for example in tropical or sub-tropical
regions where influenza persists year round (Webster
et al., 1992); note that d can be zero. Later we will see
that this parameter is not important on its own, as it
becomes compounded with population births and
deaths.
Using hats to denote values at the end of the previous

season, we have

di ¼ d̂i�1 þ d for i ¼ 1; 2; 3;y; ðd0 ¼ 0Þ:

Births and deaths are modelled between seasons as a
proportion m of the population dying each year, and the
same number being born. Some of these might occur
during the epidemic, but supposing this proportion is
small and does not much affect the epidemic, then to a
good approximation we can deal with births and deaths
between seasons:

q0 ¼ 0;

qi ¼ q̂i�1ð1� mÞ for i ¼ 1; 2; 3;y;

q� ¼ q̂�ð1� mÞ þ m:
Considering the effective susceptible population:

S ¼ q� þ
XN
j¼0

ð1� tðdjÞÞqj

¼ q̂�ð1� mÞ þ mþ
XN
j¼1

ð1� tðd̂j�1 þ dÞÞq̂j�1ð1� mÞ

¼ mþ ð1� mÞ q̂� þ
XN
j¼0

ð1� tðd̂jÞtðdÞÞq̂j

 !

¼ mþ ð1� mÞ q̂� þ
XN
j¼0

q̂j � tðdÞ
XN
j¼0

tðd̂jÞq̂j

 !
;

but at the end of the previous epidemic

q̂� þ
XN
j¼0

q̂j ¼ 1

andXN
j¼0

tðd̂jÞq̂j ¼ 1� Ŝ by ð1Þ:

Simplifying, we find S does not depend on any qi:

S ¼ mþ ð1� mÞð1� tðdÞð1� ŜÞÞ
¼ 1� ð1� mÞtðdÞð1� ŜÞ
¼ 1� ð1� mÞtðdþ bItotalÞð1� ŜÞ ð5Þ

and we notice that the quantity 1� S; which represents
something related to the immunity in our population, is
reduced by a factor ð1� mÞtðdþ bItotalÞ between sea-
sons.

2.3. The full model

The final step is to combine the epidemic dynamics
with the season-to-season dynamics to form a map f ðSÞ
for the whole year giving the initial S value for the next
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year. The function f will map the effective susceptible
population S at the beginning of this season to S at the
beginning of next season, yielding a one-dimensional
map of the form Snþ1 ¼ f ðSnÞ: We already have Snþ1 as
a function of Ŝ from Eq. (5), and the epidemic section
shows how Ŝ (in that section Sfinal) depends on Sn: The
necessary relationships to construct f are:

Ŝ ¼ yS;

Itotal ¼ ð1� yÞS;

where y is the solution of

rS ¼ �log y

1� y
:

Hence, combining these with (5):

f ðSÞ ¼ 1� ð1� mÞtðdþ bð1� yÞSÞð1� ySÞ
¼ 1� ð1� mÞe�ade�abð1�yÞSð1� ySÞ

¼ 1� ð1� mÞe�adeþabr�1 log yð1� ySÞ
¼ 1� kylð1� ySÞ;

where

k ¼ ð1� mÞe�ad;

l ¼ ab

r
:

In summary, the whole year to year dynamics can be
described by a one-dimensional map, with three para-
meters: r; k; and l:

f ðSÞ ¼ 1� kylð1� ySÞ; SX1=r;

model stops; So1=r;

(
ð6Þ

where y solves

rS ¼ �log y

1� y
: ð7Þ

The basic reproduction ratio of influenza in this
population is r; and we assume r41: k represents the
loss of immune memory of the population, both through
background antigenic drift and population turnover. We
have kAð0; 1Þ; the smaller k is, the faster the population
loses immunity.

l is the hardest to interpret, but is the most interesting
parameter to emerge as it concerns the trade-off between
escaping and generating immunity. It is formed of three
simpler parameters used in model formulation. b is
related to how much a single viral replication would add
to antigenic drift, and a is the rate at which that drift
decays immunity, so it is natural these two only occur
together. The product ab is mutability—how easily
immune escape variants can arise. On the other hand, r

is related to the number of secondary cases a single
infection generates—the number of people a single case
removes from the susceptible population. l is the ratio
of these numbers and thus parameterises the balance
between finding new susceptibles (by immune escape)
and removing them (through infection and conferred
immunity). A high value of l means that it is very easy
for the virus to escape its own immunity; a low value of
l means that the virus generates too much immunity to
be successful. Despite l being most natural to work with
in terms of algebra, mutability, ab ¼ lr; is more
biologically intuitive and is used again later in this
paper, denoted by m:
This derivation of the model followed the path of

using a history-based formulation and reduced trans-
mission. In fact, it is possible to derive an identical
system by using a status-based model with cross-
immunity acting to either reduce susceptibility to
influenza, or transmissibility once infected (Gog and
Swinton, 2002; Gog and Grenfell, 2002). The range
of possible models for cross-immunity has been
much studied (Dawes and Gog, 2002; Ferguson and
Andreasen, 2001). As there is only one strain circulating
at a given time, different choices of model formulation
are unlikely to have any qualitative impact on the
dynamics. However, the particular assumptions used
here allow the model to be collapsed exactly to the one-
dimensional system. The key steps required are: first,
that the dynamics of the effective susceptibles and
infecteds (S and I here) can be described without
recourse to the more detailed class variables (qi and pi),
and second, that immunity changes between seasons in
such a way that, again, the detailed population classes
are not explicitly needed. This second step is met by
having immunity that decays exponentially with anti-
genic distance and an infinite number of population
classes.
3. Endemic and invasion dynamics

3.1. Unique and stable equilibrium

In this section, we consider the basic properties of the
map, and show that there is a unique fixed point. The
map f ðSÞ is a continuous map from the interval ½1=r; 1	
to ½0; 1	 which we interpret as a stopping point if
f ðSÞo1=r: First looking at the end points of the
domain, it is easy to see that S ¼ 1=r corresponds to
y ¼ 1 and then

f ð1=rÞ ¼ 1� kð1� 1=rÞ41=r:

Also, S ¼ 1 corresponds to a non-zero y; and so
f ð1Þa1; hence

f ð1Þo1

and there is at least one fixed point in this region. To
establish its uniqueness and stability, consider the



ARTICLE IN PRESS
M.F. Boni et al. / Theoretical Population Biology 65 (2004) 179–191184
derivative of f :

f ðSÞ ¼ 1� kylð1� ySÞ;

f 0ðSÞ ¼ �klyl�1ð1� ySÞ @y

@S
þ kylS

@y

@S
þ kyly;

1

kyl f 0ðSÞ ¼ y þ ðS � ly�1ð1� SyÞÞ @y

@S
:

From (7) we have

@y

@S
¼ �ryð1� yÞ

1� rSy

and using (7) and the basic inequalities (4):

rSyp1:

Then,

1

kyl f 0ðSÞ ¼ y � ðS � ly�1ð1� SyÞÞ ryð1� yÞ
1� rSy

ð8Þ

¼ y � rSy

1� rSy
þ l

rð1� SyÞð1� yÞ
1� rSy

ð9Þ

X
y � rSy

1� rSy
as l40 and ð1� rSyÞX0 ð10Þ

¼ yð1� yÞ þ y log y

1� y þ y log y
by ð7Þ: ð11Þ

Using the basic inequalities (4), one can then show
that this function of y decreases from 0 to �1 on
yA½0; 1	; see Appendix A. Hence

1

kyl f 0ðSÞX� 1;

f 0ðSÞX� kyl
X� k
2

3

4
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Fig. 2. Equilibrium values. (a) numerical evaluation of the equilibrium suscep

the epidemic (Itotal). This is monotonic increasing in both r and m: The key

affected by the epidemic, to the plateau where a substantial proportion are aff

which there is positive feedback. Large mutation means a larger drift rate, hi

hence more drift. Where the graph ramps up steeply, influenza gains the abil

seen for increasing r; as is discussed in the text.
and for all S we have

f 0ðSÞ4� 1: ð12Þ

Hence the gradient can be bounded above minus one
for any given parameter values. This is true for the
whole range of S; and not just at the fixed point, and this
will be useful again later.
Now, to find an upper bound for the gradient and

establish stability, we will need to use that we are
considering a fixed point. The calculations are slightly
tedious and are relegated to Appendix B. For any S� a
fixed point of f ; we have

f 0ðS�Þo1:

This establishes uniqueness. The function starts the
range above the diagonal, and ends below. The upper
bound on its derivative gives that it cannot cross the
diagonal from below, so there is a unique fixed point.
The derivative at this fixed point is between minus and
plus one, and hence it is stable.
It is straightforward to locate this equilibrium

numerically. Fig. 2(a) shows S� against ranges of r and
m (mutability, lr). For high values of m; the equilibrium
susceptible proportion is not monotonic in r: for low
values of r few are infected, and for high values of
r many new variants are generated, both extremes
resulting in a large effectively susceptible population.
Fig. 2(b) shows Itotal ; the proportion of hosts affected

by the epidemic, perhaps the most easily observable
quantity. The epidemic size increases with both m and r:
The interesting feature here is the rapid change from a
small number of hosts affected by each epidemic, to the
plateau where a substantial proportion are affected each
year. Considering a fixed value of m and varying r; there
is a critical range of r in which incidence increases
rapidly. This range can be seen in the figure to be
distinct from the usual r ¼ 1 threshold. We interpret this
as the point at which the virus has the capacity to escape
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feature is that there is a rapid change from a small number of hosts

ected each year. As mutation rate is increased, there is a critical range in
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ity to escape its own tail, and runaway drift occurs. This same effect is
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prior immunity: large enough transmission means many
cases, this leads to higher production of antigenic
variants, meaning a higher drift rate, more effective
susceptibles next year and hence more cases. In this
range of r; positive feedback enables runaway drift.
Conversely, in the same parameter range, vaccination

can be disproportionately effective as it reduces the
effective value of r: The interpretation is simple: effects
of vaccination of an antigenically variable pathogen
are enhanced beyond classical herd immunity—not
only does vaccination protect the individual and any
they would infect, it also reduces the chances of new
variants appearing. Though perhaps an obvious point
to emerge, we expect this principle may hold in
more complex models. The magnitude of the effect,
and the critical range of r will be sensitive to model
assumptions.

3.2. Full dynamics

The following section develops the equilibrium results
to describe the full dynamics of the map. Parameter
space will be partitioned into two regions according to
the sign of the initial gradient of the map. One region is
then further split into four cases according to whether
the map includes a region in which epidemics stop, and
whether the map has a turning point. Overall, either the
stable equilibrium is globally attracting, or some initial
conditions will lead to epidemics of decreasing size that
will eventually fail to take off, and all other initial
conditions are attracted to the fixed point.
We divide parameter space into two regions according

to whether the initial gradient of the map is positive or
negative. We have from the previous section

1

kyl f 0ðSÞ ¼ y þ ðS � ly�1ð1� SyÞÞ @y

@S
:

And since S ¼ 1=r corresponds to y ¼ 1;

@y

@S
¼ �ryð1� yÞ

1� rSy
¼ �ryð1� yÞ2

ð1� yÞ þ y log y
;

lim
S-1=r

@y

@S
¼ �2r

by l’Hôpital’s rule. Hence

1

k
f 0ð1=rÞ ¼ 1þ ð1=r � lð1� 1=rÞÞð�2rÞ

¼ 2lðr � 1Þ � 1

giving

lX
1

2ðr � 1Þ 3 mX
1

2� 2r�1
3 f 0ð1=rÞX0: ð13Þ

This is the condition that corresponds to whether the
initial gradient is positive or negative. The same bound
on l is also important for the existence of turning points
of the map. From (9),

1

kyl f 0ðSÞ ¼ y � rSy

1� rSy
þ l

rð1� SyÞð1� yÞ
1� rSy

;

so at a turning point f 0ðSÞ ¼ 0; and we obtain

l ¼ �ðy � rSyÞ
ðr � rSyÞð1� yÞ ¼

yð�ð1� yÞ � log yÞ
ð1� yÞðrð1� yÞ þ y log yÞ ð14Þ

using (7) to eliminate S: For fixed r; this is lðyÞ; giving a
potential location of a turning point (but only potential,
as the y value may not correspond to Sp1). See Fig. 3.
At the edges of possible y:

lð0Þ ¼ 0; lð1Þ ¼ 1

2ðr � 1Þ

using l’Hôpital’s rule for the latter. It is possible to show
that lðyÞ is an increasing function, as outlined in
Appendix C.
So for fixed r; for every lp1=ð2ðr � 1ÞÞ there is a

unique y which could give a turning point of the map. If
this corresponds to a feasible S; this turning point exists
and is unique. Recall from above that y is a decreasing
function of S (see Fig. 1), decreasing from 1 down to
some minimum value at S ¼ 1: Hence there is a
minimum l that gives a valid turning point. Below this,
f ðSÞ is monotonic decreasing. If l41=ð2ðr � 1ÞÞ then
our map is monotonic increasing.
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f (S )

1/r S ∗ 1
S

f (S )

1/r S ∗ 1
S

(a) (b)

Fig. 4. High l: This is a schematic diagram of the map. For l41=ð2ðr � 1ÞÞ; the map is monotonic increasing, and the unique stable fixed point (S�)
is globally attracting. (a) l just large enough to make f monotonically increasing. Equilibrium sits close to 1=r and corresponds to repeated epidemics

but of a much smaller size than the population could allow for. (b) Runaway drift. l large enough to make f concave as well as monotonically

increasing. Equilibrium sits close to 1 and corresponds to large repeated epidemics. A high mutation rate allows the virus to escape prior immunity

and infect a large number of susceptibles each season.
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3.2.1. High l
We have divided up parameter space into two regions,

according to the size of l: From the model formulation,
high l corresponds to a pathogen that can mutate easily
enough to escape the immunity that it generates.
Mathematically, for l41=ð2ðr � 1ÞÞ we have the unique
fixed point S�; and f 0ðSÞ40 so:

Sof ðSÞoS� for SoS�;

S�of ðSÞoS for S4S�;

see Fig. 4. So all solutions increase or decrease,
converging to S�: The dynamics are very simple—the
fixed point is globally attracting.

3.2.2. Low l
In this region, the gradient of the map is initially

negative. There may be a unique turning point;
otherwise the map is monotonic decreasing. In this
region, there is also the possibility that the map dips
below the halting level. With these two properties, we
divide this region up into four cases, see Fig. 5.

Case (a): f ðSÞ is monotonic decreasing but not so far
that it reaches f ðSÞ ¼ 1=r: Combining with (12), we can
bound the derivative throughout:

�1of 0ðSÞo0;

jf ðSÞjo1

and hence the map is contracting. The unique fixed
point is globally stable.

Case (b): Here, there is a unique turning point in f ;
and f ðSÞX1=r throughout. The equilibrium in this case
is believed to be globally stable, as it appears there is
always a region ½1=r;Se	 containing S� where jf 0jo1: Se

is the point at which f 0ðSeÞ ¼ 1� e:
Case (c): f ðSÞ is monotonic decreasing and does
indeed reach f ða0Þ ¼ 1=r at some a0: With a0; we split
½1=r; 1	 into two regions, P0 and H0 (P will stand for
persistence, and H for hole). See Fig. 6.

f ðSÞ41=r 3 SA½1=r; a0	 ¼ P0;

f ðSÞo1=r 3 SAða0; 1	 ¼ H0:

For SAH0; the resulting number of susceptibles
the next season is too low (too much immunity from
the previous epidemic) and the model is at a stopping
point. For SAP0; we see by the monotonic decreasing
property that

f ðP0Þ ¼ ½ f ða0Þ; f ð1=rÞ	 ¼ ½1=r; f ð1=rÞ	;

but

f 0ðSÞ4� 1 ) f ða0Þ � f ð1=rÞ
a0 � 1=r

4� 1 ) f ð1=rÞoa0

by the mean value theorem. Hence,

f ðP0ÞCP0:

In P0 the dynamics are as in case (a), where j f ðSÞjo1;
and so all solutions that start in P0 will remain in P0 and
are attracted to the unique fixed point S�:

Case (d): This is the most interesting case. Here, there
is a turning point, and also f ðSÞo1=r somewhere. If the
map does not climb back above 1=r after the turning
point, then it is exactly as case (c).
If however, there is a second point b0 with f ðb0Þ ¼

1=r; then P0 is defined as before: the leftmost,
non-stopping region, which will contain the fixed
point—½1=r; a0	: But now, H0; the first ‘‘hole,’’ is
ða0; b0Þ and does not extend to the right edge of the
interval. Instead, there is a further interval, in which the
map has positive derivative, lies above 1=r; but lies



ARTICLE IN PRESS

Fig. 5. For lo1=ð2ðr � 1ÞÞ the gradient is initially negative. There are then four cases according to whether the map decreases enough to have a

stopping point somewhere (bottom row), and whether the map has a turning point (right column).
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below the diagonal. The first part of this new interval
maps into P0; call this part P1: If f ð1Þoa0; then P1

extends the whole way to 1 and the whole domain is
accounted for. If not, then the right edge of P1 is a point
a1 that maps to a0: f ða1Þ ¼ a0: Then there is a further
interval, H1; which maps into H0: Again, this might
account for the whole interval, otherwise there may be
more intervals in the order: P2;H2;P3;H3; and so on. Pn

maps into Pn�1; and Hn maps into Hn�1: Hn is the set of
starting S values for which disease will fail to take off in
n seasons time. Pn is the set of values for which the nth
iterate will be in P0; where the map will settle to the fixed
point.
We define the sequences an and bn to be the preimages

of a0 and b0 lying further and further to the right, as far
as these exist. Hn lies between an and bn;Pn lies between
bn�1 and an: See Fig. 7.
If we write H1-H0 to mean that f ðH1ÞCH0; then the

dynamics can be summarised as follows:
Hn-Hn�1-?-H1-H0-STOP;

Pm-Pm�1-?-P1-P0-fixed point S�;

where m ¼ n or m ¼ n þ 1 depending on whether the
domain ends in a P or an H interval.
There are two different behaviours according to initial

conditions. If the initial conditions are in a ‘‘hole’’—i.e.
an Hn-interval—then the epidemic will decrease in size
each year, then finally fail to take off. All other initial
conditions settle down to the fixed point.

3.3. Invasion

This section considers the specific case of the initial
condition S ¼ 1; corresponding to the introduction of
influenza to a naı̈ve population. This describes the
scenario after a substantial antigenic shift event or the
scenario where influenza is introduced to a population
that was previously influenza-free.



ARTICLE IN PRESS

1/r a0 1
P0 H0

S

f (S )

Fig. 6. Low l; case (c). This is a schematic depiction of the location of
the intervals P0 and H0: In this case, the map is monotonic decreasing,

higher values of S leading to stopping points. f ða0Þ ¼ 1=r; and

½1=r; a0	 ¼ P0; ða0; 1	 ¼ H0: Initial conditions in P0 are attracted to the

fixed point, and initial conditions in H0 stop after one season.

1/r a0 b0
a1 b1

a2 b2 1
P0 H0 P1 H1 P2 H2 P3

S

f (S )

Fig. 7. Low l; case (d). This is a schematic figure. In the first interval

(P0), the fixed point is attracting. Immediately to the right is the first

‘‘hole’’ (H0) where influenza has generated too much immunity or not

enough variation and does not reestablish itself next season. Further

right, P1 maps entirely to P0 and so is part of the basin of attraction

for the fixed point. H1 maps into H0 so starting in H1 means two

seasons of flu before it fails. Continuing to the right, the intervals

alternate between points attracted to the fixed point, and those

ultimately mapped into the hole.
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The previous section characterised the dynamics of
the whole domain of S for each case in parameter space.
The identification of different intervals allows an easy
description here: either S ¼ 1 is in the basin of attraction
of the fixed point (because the fixed point is globally
stable, or S ¼ 1 lies in a P interval) or S ¼ 1 is in a hole
Hn; where the epidemics will eventually cease.
Figs. 8(a) and (b) show the outcome of introduction

of infection to a susceptible population for a range of
l or r; for two different values of k: For high l or high r;
the epidemics persist indefinitely, as they settle towards
the equilibrium. If both l and r are low, then there is no
second epidemic—the infection is both too feeble, and
unable to mutate sufficiently. If k is close to one, then
there may be further regions, where epidemics happen
for more than one year, but ultimately die out.
The boundaries between different regions in Fig. 8

have a hyperbolic-like shape in r and l; so it is natural to
consider how these different regions might appear in
terms of m and r (Figs. 8(c) and (d)). Apart from very
low values of r; the result of invasion in a susceptible
population is much more sensitive to m than it is to r: A
highly mutable virus will always persist, even for low
values of r: Pathogens with large enough values of r will
also persist even for low values of m—however, the
required r-values may be too large to be realistic.
In the several shift events of the twentieth century

where a new subtype appeared, that subtype initially
caused annual epidemics, generally of decreasing size,
and subsequently established itself in the human
population until a new shift event occurred and replaced
the prevailing subtype. In 1977, the H1N1 subtype was
reintroduced into the population without replacing
H3N2; these two subtypes have been co-circulating
since (Earn et al., 2002; Webster et al., 1992). Mortality
data for the US consolidated by Simonsen et al. (1998)
and global epidemiological analyses (Cox et al., 1994;
Cox and Subbarao, 2000) of the shift events and their
corresponding pandemics help us understand the
pattern that a new subtype follows after it is introduced.
In the present model, the pattern of decreasing
pandemics may correspond to each of these subtypes
having what we call a low l value: they have the ability
to create one or several large epidemics but appear to
settle to epidemics of a smaller size in the long run.
Note that we may be observing a low effective r value,

but still a high m value; see conditions (13). This could
make the gradient of our map initially negative and
place us in a low-l region. It is important to remember
that a complete discussion of influenza invasion
dynamics would include details about population
structure which would have profound effects on the
parameters r and b: Therefore, demographic effects—
effects extrinsic to influenza’s ability to elude host
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Fig. 8. Consequences of invasion. r is the horizontal axis in all panels while l (top row) and m (bottom row) are the vertical axes. Calculated

numerically by noting if P0 was the whole range or not, and if not, iterating the map until it reached P0 or H0: Influenza can always cause an initial

epidemic in a susceptible population. These figures denote subsequent behaviour against two different parameters, keeping k fixed. White means the

S ¼ 1 initial condition results in a epidemics settling to the equilibrium, lightest grey means no second epidemic (S ¼ 1 is in H0), next lightest means

only two epidemics (H1), etc. The dotted lines correspond to 2lðr � 1Þ ¼ 1 which was the condition for zero gradient initially, above which all initial

conditions are attracted to the fixed point for all k:
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immunity—may be able to push influenza epidemic
dynamics into a region of runaway drift.
4. Discussion

We have constructed a model where the amount of
drift each year depends on the size of the previous year’s
epidemic. Analysis of the derived map shows that there is
always a unique stable equilibrium, and that it is globally
stable except for solutions that ultimately lead to a
situation in which the epidemic fails to take off one year.
En route, some basic qualitative ideas emerged.

Specifically, the equilibrium has two fairly distinct
regimes of high and low severity. The transition between
them is fairly rapid in parameter space. This can be
interpreted as the pathogen gaining the ability to escape
its own tail, leading to a high number of susceptibles
each year. Further, the implication of this is that a
vaccine which reduces the effective transmission rate has
the potential to reduce the production of new variants
below this critical range, having a substantial impact on
the continued drift evolution and severity.
A second idea emerges from considering the intro-

duction of the pathogen into a susceptible population. If
there is a high potential for mutation, then the pathogen
will succeed in long-term establishment. A large initial
epidemic will produce sufficiently much antigenic varia-
tion that the second and subsequent epidemics will have
a sufficient number of effective susceptible hosts. More-
over, high enough mutation rates may cause repeated
large annual epidemics and runaway drift. In contrast, a
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pathogen with low mutation potential will cause a large
initial epidemic, and leave itself without enough suscep-
tibles; either immediately or perhaps in later years, it
may fail and die out. Hence, if the introduction was a
single event, the pathogen will not necessarily become
established. A pathogen with low potential for antigenic
variation would need to be introduced repeatedly for it
to become established in the longterm.
In considering the possibilty of extinction, case (d) of

the low-l region presents a good example of the race
between generating and escaping immunity. For low
values of S; influenza does not generate too much
immunity and is able to cause subsequent epidemics.
For very high values of S; the resulting epidemic yields
enough antigenic variation to select a novel variant for
next season that escapes this season’s immunity.
However, for some intermediate values of S; the
pathogen generates more immunity than its variants
can escape, and it is not able to cause a subsequent
epidemic.
Our assumptions were specifically chosen in order to

make the model as simple as possible mathematically, so
as to allow a full investigation of the system. It would be
possible to extend the model in a number of ways, and
use this model as a basis for comparison. For example,
population structure could be made more realistic.
Adding age structure would show which groups are
infected for different disease characteristics (e.g. a
disease with low mutation would largely infect children
as effective immunity would remain for many years,
whereas a disease like influenza infects all age classes),
and thus which groups contribute to the epidemic and
the evolution of the pathogen. Analysis of multiple
lineages of cocirculating strains would be useful as
recent data point to this phenomenon (Schweiger et al.,
2002) and since our model’s runaway drift scenario may
yield an unexpected amount of diversification. The
analysis in Plotkin et al. (2002) on swarms, clusters, and
quasispecies also suggests that our model should be
adapted to look more finely at multiple strains circulat-
ing and evolving during the time course of one epidemic;
such a modified model would aid in vaccine recommen-
dations and would allow a revisiting to the famous
herald wave of Glezen et al. (1982). Galvani (2003)
presents a review of these and other problems and
challenges in evolutionary epidemiology.
Influenza dynamics is currently a highly active area of

interest (Andreasen, 2003; Earn et al., 2002; Plotkin
et al., 2002; Ferguson et al., 2003). Simple models can
provide conceptual tools and language for more general
and less manageable systems; they also serve to suggest
general features and expected behaviours. As models of
high complexity are produced, capturing influenza drift
with increasing realism, the minimal model presented
here offers a tractable analog when considering the
interplay between influenza drift and epidemic size.
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Appendix A. Lower bound for f 0

Define

gðyÞ ¼ yð1� yÞ þ y log y

1� y þ y log y

¼ 1� �ð1� yÞ2

1� y þ y log y

and note that gð0Þ ¼ 0 and gð1Þ ¼ �1: Then,

g0ðyÞ ¼ 2ð1þ y log y=ð1� yÞÞ þ log y

ð1þ y log y=ð1� yÞÞ2

and we can show that the numerator is negative by
applying the inequality

2y log y4y2 � 1 for yAð0; 1Þ;

which is a direct result of (4).
Appendix B. Upper bound for f 0 at S�

At equilibrium, we have

f ðS�Þ ¼ 1� kylð1� yS�Þ ¼ S�;

kyl ¼ 1� S�

1� yS�:

Using this, we bound l at the fixed point values by
taking logs and using ko1:

� l log yolog
1� yS�

1� S� ;

lrS�ð1� yÞolog
1� yS�

1� S� by ð7Þ:

From (9) and the above inequality we get

1

kyl f 0ðS�Þ ¼ y � rS�y

1� rS�y
þ lrð1� S�yÞð1� yÞ

1� rS�y
;

1

kylðf
0ðS�Þ � 1Þ

¼ y � rS�y

1� rS�y
þ lrð1� S�yÞð1� yÞ

1� rS�y
� 1� yS�

1� S�

o� ð1� yÞð1� rS�2yÞ
ð1� S�Þð1� rS�yÞ þ

ð1� S�yÞ
S�ð1� rS�yÞ log

1� yS�

1� S�
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and placing more positive terms on the left-hand side,
we obtain

ð1� S�Þð1� rS�yÞ 1

kylðf
0ðS�Þ � 1Þ

o� ð1� yÞð1� rS�2yÞ þ ð1� S�Þð1� S�yÞ
S� log

1� yS�

1� S�

¼ �ð1� yÞ � S�y log y þ ð1� S�Þð1� S�yÞ
S� log

1� yS�

1� S�

¼ RHSðS�; yÞ:
Thinking of the function RHSðS�; yÞ as a function

of y for fixed S�; it is straightforward to show:

* RHSðS�; 1Þ ¼ 0;
* ð@=@yÞRHSðS�; yÞ ¼ 0 at y ¼ 1;
* ð@2=@y2ÞRHSðS�; yÞo0 for yo1:

Hence RHSðS�; yÞp0 and thus the desired upper bound
on the derivative at a fixed point: f 0ðS�Þo1:

Appendix C. lðyÞ increasing

From (14), we differentiate to obtain
@l
@y

¼ �2r þ y þ 4ry � 2y2 � 2ry2 þ y3 � r log y þ ry2 log y � y2ðlog yÞ2

ðyÞ2
:

Considering the numerator, which we wish to show to
be positive, direct calculation and use of simple inequal-
ities (4) gives

* ð@3=@y3Þ numerator o0 for yAð0; 1Þ;
* ðð@2=@y2Þ numeratorÞjy¼1 ¼ 0 )

ð@2=@y2Þ numeratorX0 for yp1;
* ðð@=@yÞ numeratorÞjy¼1 ¼ 0 )

ð@=@yÞ numeratorp0 for yp1;
* ðnumeratorÞjy¼1 ¼ 0 ) numeratorX0 for yp1:

Hence @l=@yX0 for yp1:
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