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abstract: Population fluctuations are caused by demographic and
environmental stochasticity, time lags due to life history, and density
dependence. We model a general life history allowing density de-
pendence within and among age or stage classes in a population
undergoing small or moderate fluctuations around a stable equilib-
rium. We develop a method for estimating the overall strength of
density dependence measured by the rate of return toward equilib-
rium, and we also consider a simplified population description and
forecasting using the density-dependent reproductive value. This gen-
erality comes at the cost of requiring a time series of the population
age or stage structure instead of a univariate time series of adult or
total population size. The method is illustrated by analyzing the
dynamics of a fully censused population of red deer (Cervus elaphus)
based on annual fluctuations of age structure through 21 years.

Keywords: rate of return to equilibrium, demographic stochasticity,
environmental stochasticity, reproductive value, red deer.
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specific vital rates, acting through time lags in the life
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history and density dependence, create continual fluctu-
ations in population size and age structure (Coulson et al.
2001; Clutton-Brock and Coulson 2002). Comparative
studies attempting to analyze the influence of life history
on population dynamics have been impeded by lack of a
general theory to account for these factors (Pimm 1991;
Ariño and Pimm 1995; Inchausti and Halley 2001, 2002).

Demographic stochasticity is caused by variation in fit-
ness among individuals within years, usually attributed to
independent chance events of individual survival and re-
production, producing random changes in population
growth rate, with a variance inversely proportional to pop-
ulation size, . In contrast, environmental stochasticity2j /Nd

affects the age-specific vital rates of all individuals in a
population in the same or similar way, producing a con-
stant variance among years in population growth rate,

, independent of population size. Thus, environmental2je

stochasticity affects populations of all sizes, whereas de-
mographic stochasticity most strongly affects small pop-
ulations. Environmental stochasticity dominates for pop-
ulation sizes greater than the ratio of the demographic and
environmental variances, , usually on the order2 2N 1 j /jd e

of a few hundred individuals (Lande et al. 2003).
Turchin (1990) analyzed population time series to detect

delayed density dependence in a variety of species, caused
in part by environmental autocorrelation and interspecific
interactions (e.g., see also Turchin and Taylor 1992; Forch-
hammer 1998; Solberg et al. 1999; Fromentin et al. 2001).
One problem with this method is that time lags inherent
in individual development and life history can also give
the appearance of delayed density dependence.

Lande et al. (2002a, 2002b) addressed this problem using
a simple life history with age at maturity a and environ-
mental stochasticity in the age-specific vital rates and as-
suming all density dependence to be exerted by the adult
stage class. For age-structured populations reproducing at
discrete annual intervals, Lande et al. (2002a, 2002b) an-
alyzed small or moderate fluctuations in population size
around a stable equilibrium, which is applicable to many
vertebrate populations with coefficients of variation of
population size less than about 30% (Lande et al. 2003).
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They derived an autoregressive equation for the adult pop-
ulation size, N, with time lags from 1 to a years. For such
populations, the autoregression coefficients corresponding
to different time lags are not simply measures of delayed
density dependence; they also depend on life-history pa-
rameters. The theory indicates that the total density de-
pendence in a life history, D, should be defined as the
negative elasticity of population growth rate per genera-
tion, , with respect to change in the adult populationTl

size at equilibrium (where and ), where lN p K l p 1
is the asymptotic multiplicative growth rate per year and
T is the generation time. This gives the total density de-
pendence per generation in the life history as D p �

, which can be estimated using the sum(T� ln l/� ln N)K

of the autoregression coefficients. The strength of density
dependence per year, , gives the rate of return tog p D/T
equilibrium.

Lande et al. (2002a, 2002b) and Sæther et al. (2005)
estimated D in populations of several vertebrate species
for which life-history studies and long time series of adult
numbers were available based on complete population
censuses. In most cases, estimates of D were statistically
significant and large, on the order of 1 or higher, indicating
strong and statistically significant density dependence.
Lande et al. (2002a) also showed that in an environment
with no temporal autocorrelation, a density-dependent life
history produces a red-shifted power spectrum typically
observed for population fluctuations (Ariño and Pimm
1995).

The primary purpose of this article is to develop a
method for analyzing density dependence in populations
with a general life history allowing density dependence
within and among age classes. For example, many reptiles
and fish grow continually so that female fecundity in-
creases with age, and in large birds and mammals, midlife
survival may be sufficiently high that senescent declines
in adult survival and fecundity become demographically
important (Fisher 1958; Roff 1992; Stearns 1992; Charnov
1993; Charlesworth 1994). This increased generality comes
at the cost of requiring substantially more data than the
previous method. Instead of a univariate time series of
adult population numbers, the current method requires a
multivariate time series of the age or stage structure. A
limitation of this approach is that the number of age or
stage classes must be restricted to a small proportion of
the length of the population time series to obtain statis-
tically accurate estimates of the density dependence among
classes; this will often necessitate lumping older age groups
into a few classes or otherwise describing the life history
with a moderate number of parameters.

Tuljapurkar and Lee (1997) and S. Engen, R. Lande, and
B.-E. Sæther (unpublished manuscript) showed that age-
structured populations undergoing density-independent

fluctuations can be described using Fisher’s (1958) repro-
ductive value. The current practice of estimating environ-
mental variance directly from observed fluctuations in to-
tal population size (e.g., Holmes 2001; Morris and Doak
2002) fails to account for fluctuations in age structure,
which can greatly inflate estimates of environmental var-
iance. S. Engen, R. Lande, and B.-E. Sæther (unpublished
manuscript) demonstrate by simulation that the use of
reproductive value can eliminate this source of bias in
estimates of environmental variance, if there is no envi-
ronmental autocorrelation.

Here we extend the approach of S. Engen, R. Lande,
and B.-E. Sæther (unpublished manuscript) to density-
dependent populations by defining a density-dependent
reproductive value. For a population undergoing small or
moderate fluctuations around a stable equilibrium, we de-
velop a general method for estimating the overall strength
of density dependence in the life history, measured by the
rate of return to equilibrium, as well as a description of
environmental stochasticity. If density dependence is not
very strong, we also show that the density-dependent re-
productive value can provide a simplified univariate de-
scription that is nearly as accurate as using the full pro-
jection matrix to predict fluctuations in population size
around the equilibrium. For simplicity, the model is de-
veloped for a stochastic environment, assuming that the
population size remains sufficiently large to neglect de-
mographic stochasticity. However, we show that the ef-
fective total stochasticity near equilibrium, and the con-
tribution of demographic stochasticity to it, can also be
estimated. The method is illustrated by analyzing the age-
structure dynamics of a fully censused population of red
deer (Cervus elaphus) through 21 years.

Density-Dependent Model

Denoting the transpose of a matrix by a prime, we write
for the column vector describing a′n p (n , n , n , …)1 2 3

population with age or stage classes censused just before
reproduction, and for the total population size.N p � ni

In a density-regulated population, the elements of the pro-
jection matrix are functions of the population vector,

. We assume that there is a stable equilibriumL p L (n)ij ij

at , where u is the stable age distribution nor-n̂ p Ku
malized so that its elements sum to unity and K is the
equilibrium population size or carrying capacity. The lead-
ing (or dominant) left and right eigenvectors of L̂ p

associated with the leading eigenvalue are theˆL(n) l p 1
reproductive value vector v (a row vector) and the stable
age distribution u (a column vector), respectively, satis-
fying and (Fisher 1958; Caswell 1989,ˆ ˆvL p v Lu p u
2001). The reproductive value vector is normalized so that

. Thus, at equilibrium, the total repro-vu p � v u p 1jj
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ductive value in the population equals the carrying ca-
pacity .ˆvn p K

Assuming that the population is sufficiently large to
neglect demographic stochasticity, the dynamics are gov-
erned by the stochastic projection matrix M p L(n ) �t t

, where is a matrix of environmental noise, with mean� �t t

0, appearing in the general density-dependent model,

n p M n .t�1 t t

The equilibrium total population size, K, given by the sum
of elements of the equilibrium population vector, , isn̂
completely determined by the density dependence of age-
or stage-specific birth and death rates and is not an in-
dependent parameter. Thus, there is no need for special
consideration of fluctuations in carrying capacity.

The deviation from the equilibrium or stable age dis-
tribution is defined by the relation . Fory p n /K � ut t

small or moderate fluctuations around the equilibrium,
the linearized dynamics are derived in the appendix in the
online edition of the American Naturalist :

ˆy p (L � D)y � � u. (1)t�1 t t

The stability matrix differs from the equilibriumL̂ � D
projection matrix for the population structure by theL̂
matrix D containing all of the density dependence ex-
pressed as derivatives of the vital rates with respect to
densities of the age or stage classes, evaluated at equilib-
rium. The element is the net effectD p �K � (�L /�n )uij ik j kk

of a small change in on the vital rates of all age classesnj

k contributing to age class i, weighted by the frequency of
age class k.

Transforming back to the population vector by sub-n t

stituting the definition of y on both sides, and writing the
stability matrix as , equation (1) can be ex-˜ ˆL p L � D
pressed as

˜n p Ku � L(n � Ku) � K� u. (2)t�1 t t

The expected age structure approaches the equilibrium
according to a power of the stability matrix,Ku

t˜E[n Fn ] p Ku � L (n � Ku).t 0 0

Denote the dominant left and right eigenvectors of asL̃
z and w, respectively, normalized so that the elements of
w sum to 1 and . The dominant eigenvalue of thezw p 1
stability matrix is written as . Because a matrix˜L̃ l p 1 � g

power is dominated asymptotically by the root of maxi-
mum modulus, , where wz is an outert tL̃ ≈ (1 � g) wz
product matrix with elements (Gantmacher 1959; Cas-w zi j

well 1989, 2001), this shows that g gives the asymptotic
rate of return toward the expected equilibrium age structure,
which is also the asymptotic rate of return of the total
population size N toward carrying capacity K. We can there-
fore interpret g as a measure of the strength of density
regulation per year in an age-structured population.

Density-Dependent Reproductive Value

Consider the scalar quantity analogous to theZ p znt t

total reproductive value in the density-independent model.
Premultiplying equation (2) by z, the dynamics take the
form

Z p (1 � g)Z � gKzu � Kz� u. (3)t�1 t t

In contrast to the dynamics of population size, which gen-
erally have multiple time lags, if is real, the density-l̃

dependent reproductive value obeys a first-order autore-
gressive process, which is Markovian (with changes
depending only on the current value), assuming no en-
vironmental autocorrelation.

Under weak density dependence, the elements of D will
be small, and will have elements that are nearly˜ ˆL p L � D
nonnegative; hence, by the Perron-Frobenius theorem
(Gantmacher 1959; Caswell 1989, 2001), the largest ei-
genvalue is real and positive or nearly so, withl̃ p 1 � g

corresponding left and right eigenvectors z and w having
all elements real and nonnegative or nearly so. If is real,l̃

then the environmental variance in the direction of z can
be written as , where2 2K je

2 ′j p Var [z� u] p zSz , (4)e t

and is the covariance matrix of environ-′ ′S p E[�uu � ]
mental stochasticity in equation (1) with elements S pij

. Note that S does not include� � u u Cov [� , � ]k l ik jlk l

density-dependent fluctuations; thus, in contrast to the
density-independent case (Tuljapurkar 1982; Tuljapurkar
and Lee 1997; S. Engen, R. Lande, and B.-E. Sæther, un-
published manuscript), it cannot be estimated directly
from the observed covariance matrix of temporal fluctu-
ations in the vital rates. We show how to estimate S and
components of the environmental variance in the direction
of left eigenvectors of the stability matrix, particularly the
density-dependent reproductive value.

The variance of the stationary distribution of is theZt

equilibrium solution of the recursion obtained from equa-
tion (3), , denoted as2 2 2 2 2j (t � 1) p (1 � g) j (t) � K jZ Z e

,2 2j p j (�)Z Z

2 2K je2j p . (5)Z 22g � g
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Stationary Variance of Population Size

The variance of the stationary distribution of the total
population size N can be expressed in terms of variances
and covariances of the scalar factors , asso-(j) (j)Z p z nt t

ciated with the jth left eigenvector (a row vector) of(j)z
the stability matrix, and the corresponding eigenvalue ,l̃j

satisfying . The total population size at any(j) (j)˜˜z L p l zj

given time can be expressed as the carrying capacity K
plus the sum of deviations of from their expected(j)Zt

values, (see appendix),(j)Kz u

(j) (j)N p K � [Z � Kz u]. (6)�t t
j

This implies that the stationary variance of N equals the
sum of the variances and covariances of the in the(j)Z
stationary distribution of age structure, defined as f pij

. The appendix shows that(i) (j)Cov [Z , Z ]t t

(ij)S
2 2j p K , (7)��N ˜ ˜

i j 1 � l li j

where is the environmental covariance be-
′(ij) (i) (j)S p z Sz

tween the ith and jth left eigenvectors. The first term in
equation (7) is (eqq. [4], [5]), the component2f p j11 Z

of created by environmental stochasticity in the density-2jN

dependent reproductive value (eq. [3]), not in-(1)Z p Z
cluding its covariance with the other left eigenvectors.

Because any complex eigenvalues and corresponding ei-
genvectors of the stability matrix occur as complex con-L̃
jugate pairs (in which the sum of the imaginary parts
cancel), equation (6) reveals that the population size at
any time can be expressed in terms of the real parts of
the left eigenvectors. For empirical analysis of components
of variance in N, we therefore define the real variances
and covariances and note thatF p Cov (Re[Z ], Re[Z ])ij i j

, similar to equation (7). (For complex ei-2j p � � FN iji j

genvalues, is complex whereas is real, so these in-f Fij ij

dividual terms generally are not equal, although their sums
over i and j both give .)2jN

Assuming that the joint distribution of the isRe[Z ]j
approximately multivariate normal, the proportion of var-
iance in N explained by variation in , including itsRe[Z ]1

covariance with the other , can be approximated byRe[Z ]j
the square of the correlation between and N (Ken-Re[Z ]1

dall and Stuart 1979),

2(� F )j1j
2r ≈ . (8)Re[Z ], N1

F � � F11 iji j

Population Prediction

We now rescale the density-dependent reproductive value
of the population, Z, so that at equilibrium Z is real and
equal to K. Defining , we require that∗Z p cZ p cznt t t

, implying that , where theˆczn p czKu p K c p 1/(zu)
constant c is complex if the leading eigenvalue and eigen-
vector are complex. Then from equation (3) we obtain the
dynamics and hence the∗ ∗˜ ˜Z p lZ � (1 � l)K � cze ut�1 t t

prediction equation for the scaled density-dependent re-
productive value,

∗ ∗ ∗˜E[Z FZ ] p K � l(Z � K). (9)t�1 t t

The (real part of the) scaled density-dependent reproduc-
tive value, and its predicted value next year (eq. [9]), can
be used as a surrogate for describing and forecasting
changes in population size.

For comparison, we can use the full stability matrix (eq.
[2]) to forecast the expected population vector and hence
the expected total population size next year, given the
population vector in the current year. The projection for-
mula for the total population size also can be expressed
in terms of the full set of left eigenvectors of the stability
matrix (see appendix),

(j) (j)˜E[N Fn ] p K � l [Z � Kz u],�t�1 t j t
j

which can be compared with equations (6) and especially
equation (9) to view the simplification involved in pre-
diction using the scaled density-dependent reproductive
value. Although equation (9) incorporates only a single
eigenvector of the stability matrix, it should give a fairly
accurate approximation of the full dynamics based on all
the eigenvectors, provided that the density-dependent re-
productive value explains a large fraction of the variance
in the stationary distribution of N (eq. [8]).

Strength of Density Dependence

With weak density regulation, the density-dependent re-
productive value Z (eq. [5]) produces the main contri-
bution to the total variance in the stationary distribution
of N. There are two reasons for this.

Largest Environmental Stochasticity. Since is a Leslie ma-L̂
trix with nonnegative elements and has elements thatD
tend to be negative but small (under weak density depen-
dence), then the stability matrix is “nearly” non-L̂ � D
negative, and by the Perron-Frobenius theorem, the ei-
genvalue of largest modulus is real and positive, with
corresponding left and right eigenvectors having elements
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that are “nearly” real and positive. The eigenvectors obey
the orthogonality relationships if ;(i) (j)z w p 1 i p j

otherwise (Gantmacher 1959). If has(i) (1)z w p 0 w p w
all positive elements, then for must have both(j)z j ≥ 2
positive and negative elements since for .(i)z w p 0 i ≥ 2
Because environmental covariance in the vital rates tends
to be positive—with some exceptions due to, for example,
trade-offs between reproduction and survival within a year
(Lande 1982; van Tienderen 1995; Coulson et al. 1999,
2005; Albon et al. 2000; Sæther and Bakke 2000)—this
suggests that the environmental stochasticity should tend
to be largest for the dominant eigenvector, for(11) (jj)S 1 S

.j ≥ 2

Weakest Restoring Force. The dominant factor has the ei-
genvalue of largest modulus, . Under˜ ˜l p l p 1 � g1

weak density dependence, when is real and positive, thisl̃

gives g as the slowest rate of return toward equilibrium,
with a timescale of . Thus, under weak density depen-1/g
dence, the density-dependent reproductive value is the
component of total population size that produces changes
of the largest magnitude with the most prolonged
duration.

Although the equilibrium projection matrix has allL̂
elements nonnegative, density dependence generally
causes some elements of the stability matrix to be negative,
so the Perron-Frobenius theorem does not strictly apply.
Therefore, as pointed out by Caswell (1989, p. 239; 2001,
p. 521), the leading eigenvalue of the stability matrix need
not be positive or real. The leading eigenvalue may bel̃

real and negative, representing “overcompensation” (Be-
gon et al. 1996). In this case, the rate of return to equi-
librium is with timescale , where bars˜g p 1 � FlF 1/g
denote absolute value. Alternatively, the leading eigenvalue
may be represented by a complex conjugate pair, l̃ p1

and (where ), with identical1/2˜a � bi l p a � bi i p (�1)2

modulus . Then the rate of return to2 2 1/2˜FFlFF p (a � b )
equilibrium is with timescale , and the˜g p 1 � FFlFF 1/g
period of oscillation is approximately .2p/ arctan (b/a)
When the leading eigenvalue is real and negative, the ap-
proach to equilibrium is a damped 2-year oscillation. In
both cases, stability of the equilibrium requires that

, and in general, g as defined above represents˜FFlFF ! 1
the strength of density dependence.

Under strong density dependence, the leading eigen-
value may have a modulus comparable to that of the sub-
sequent eigenvalues associated with eigenvectors describ-
ing short-term fluctuations in age structure, which may
also be damped by density regulation. Multiple eigenvec-
tors may then contribute substantially to the total variance
in the stationary distribution of N (eq. [7]) such that the
leading eigenvector does not explain a very large fraction
of the total variance in N. In this situation, a single scalar

quantity describing the environmental variance cannot be
meaningfully defined.

A simple model with no age structure suggests that the
strength of total density dependence in the life history is
determined by the intrinsic rate of increase of the popu-
lation at low density as well as nonlinearity in density
dependence. Consider the stochastic theta-logistic model
in discrete time (Lande et al. 2003), DN/N p b[1 �

, in which is the annual change in pop-v(N/K) ] � e DNt

ulation size, b represents the intrinsic rate of increase at
low population density, and v describes the degree of non-
linearity in density dependence, with for the Gom-v r 0
pertz model (linear on the log scale), for the classicalv p 1
logistic model, and for exponential growth up to av r �
ceiling. In this model, the strength of density dependence,
or the expected rate of return toward equilibrium follow-
ing a small perturbation, is simply (Lande et al.g p vb

2003). For the logistic model with linear density depen-
dence, this confirms the intuitive expectation that at equi-
librium the strength of density dependence must balance
the intrinsic rate of increase.

The theta-logistic model also helps to understand when
a linearized model is adequate to describe stochastic dy-
namics of a population fluctuating around an equilibrium.
Analysis of the stochastic logistic and Gompertz models
using nonlinear diffusion theory (Lande et al. 2003) and
comparison with the results of corresponding linear mod-
els suggest that a linear approximation accurately produces
the mean and variance of the quasi-stationary distribution
of population size (with !10% error) for coefficients of
variation of population size, , up to 30% (Lande et¯j /NN

al. 1999). Large values of v would require lower coefficients
of variation in N for accuracy of a linear model. However,
with small variation in N, it is not possible to accurately
estimate both v and b but only their product g (Lande et
al. 2003). Assessing nonlinearity of density dependence in
an age-structured population would necessarily be more
complicated. Nevertheless, in most cases, a linear model
is likely to be accurate for a small values of and to¯j /NN

be reasonably reliable for moderate values, of which many
examples exist (Pimm 1991; Lande et al. 2002a, 2002b).

Comparison to Previous Definitions of Density Dependence

Lande et al. (2002a, 2002b) also measured the strength of
density dependence per year by the rate of return to the
equilibrium age structure. They derived an autoregression
model based on demographic theory for analysis of time
series of adult numbers to estimate g, assuming that all
density dependence on the different age classes is exerted
by the adult population N. They also examined a model
in which all density dependence is exerted by a single linear
combination of age classes, denoted as N (Charlesworth
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1994; Caswell 1989, 2001; Lande et al. 2002a). In both
cases, they showed that the overall strength of density de-
pendence can be expressed as the negative elasticity of l

with respect to population size, evaluated at K, the equi-
librium population size, .g p �(� ln l/� ln N)K

To compare the present general model of density de-
pendence with previous approaches, we derive an expres-
sion for g in the general model. Under weak or moderate
density dependence, the leading eigenvalue of the1 � g

stability matrix can be approximated by regardingL̂ � D
D as a perturbation of the equilibrium projection matrix

, which has leading eigenvalue . The strength ofL̂ l p 1
density dependence then takes the form derived in the
appendix, , which can also be expressed asg p vDu

� ln l
g p � . (10)� ( )� ln nj Kj

This still allows every age or stage class to exert any density
dependence on all the vital rates.

If we assume that all density dependence is exerted by
a single linear combination of age classes, , thenN p � c nj jj

depends on only through its contribution to N, andl nj

as shown in the appendix, equation (10) becomes g p
, in agreement with previous approaches.�(� ln l/� ln N)K

Although this result assumes weak or moderate density
dependence, that is not an assumption of either this model
or that of Lande et al. (2002a, 2002b).

Estimation of Density Dependence

Estimation of key population parameters is based on equa-
tion (2), which can be written as .˜n p Ln � q � dt�1 t t

Here is an unknown matrix, is an unknown vectorL̃ q

(p in eq. [2]), while is a vector of stochastic˜[I � L]Ku dt

environmental effects ( in eq. [2]) with zero expec-K� ut
tation. We assume that the age classes in the population
are fully censused in years . Writing fort p 1, 2, … t n0 i, t

the ith component of and a similar notation for ,n dt t

equation (2) for becomesi p 0, 1 … k d p n �i, t i, t�1

. From this, we see that the and can be˜ ˜� L n � q L qij j, t i ij ij

estimated using least squares by minimizing . (This
t �10 2� di, ttp1

can be done using standard statistical packages for general
linear models.) Then is estimated as the dominant ei-l̃

genvalue of the estimate of . The carrying capacity andL̃
stable age distribution can also be estimated from the
above dynamic equation at equilibrium by setting d pt

and and solving forˆ ˆ0 n p n p n p Ku n p (I �t�1 t

. Finally, the covariance matrix of the residual vectors�1L̃) q

gives the environmental covariance matrix .2d K Si, t

The uncertainty in the estimates can be evaluated by
bootstrapping, simulating bootstrap replicates of the time

series observations by drawing residuals at random with
replacement each year, a technique often used in regression
analysis (Efron and Tibshirani 1993). The components of
residual vectors at a given time are likely to be depen-di, t

dent because they are affected by the same environmental
factors, so it is important that the complete vector of re-
siduals, and not single components, are drawn at random.
A bootstrap replicate is finally constructed by starting with
the initial observations at time 1 and recursively using the
relation , where the components of˜n p Ln � q � dt�1 t t

and are those estimated from the data and the indexL̃ q

t for the residual vector is randomly chosen with replace-
ment from the set of indices representing the(1, 2, … , t )0

observations. From each bootstrap replicate of the com-
plete time series, a bootstrap replicate of and as wellL̃ q

as , K, and u are found by using the same estimationl̃

procedure as for the actual data.

Demographic and Effective Total Stochasticity

Our theory assumes small or moderate fluctuations of total
population size around an average population size or car-
rying capacity K sufficiently large to neglect demographic
stochasticity in comparison to environmental stochasticity.
For a density-independent age-structured population in a
fluctuating environment, Engen et al. (2005) derived for-
mulas for the demographic variance influencing pop-2jd

ulation size N and showed that the total stochasticity af-
fecting N can be approximated as in simple models without
age structure by . As already emphasized above,2 2j � j /Ne d

in a density-dependent population, the environmental var-
iance cannot be estimated in the same way as for2je

density-independent populations (Tuljapurkar 1982; Tul-
japurkar and Lee 1997; S. Engen, R. Lande, and B.-E.
Sæther, unpublished manuscript) because observed tem-
poral fluctuations in vital rates among years are partly
caused by density dependence. In contrast, the demo-
graphic variance is estimated from the observed variation
in survival and reproduction among individuals within
years and thus can be accurately estimated regardless of
density dependence, although in general may be a func-2jd

tion of population size (Lande et al. 2003; Engen et al.
2005). Assuming a small or moderate coefficient of vari-
ation in population size through time, we can therefore
assess the importance of demographic stochasticity in con-
tributing to fluctuations in population size around car-
rying capacity by comparing the total stochasticity at

to the contribution from demographic stochastic-N p K
ity , using the average value of the demographic var-2j /Kd

iance through time.
The density-dependent projection matrix has el-L(n)

ements as in equation (1). Writing the demographicLij

variance in this vital rate as and assuming no de-2j [L ]d ij
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mographic covariance among the vital rates, the net de-
mographic variance influencing total population size is

22 �2 2j p l v u j [L ] (11)��d j d iji
i j

(Engen et al. 2005). Here and are elements of the leftv uji

and right eigenvalues of the equilibrium projection matrix
, respectively Fisher’s reproductive value and the stableL̂

age distribution, normalized as above so that � u p 1jj

and , corresponding to the leading eigenvalue l.vu p 1
In practice, must be estimated by the average projectionL̂
matrix across years, . For a population in which femalesL
give birth to at most one daughter per year, both survival
and reproduction have the binomial variance 2j [L ] pd ij

, and the net demographic variance can be sim-ˆ ˆL (1 � L )ij ij

ply estimated from the average projection matrix.
Direct comparison of the demographic variance in N

to the environmental variance in the density-dependent
reproductive value is problematic for two reasons. First,
this variance component neglects covariances with the
other left eigenvectors of the stability matrix, which add
power to explain the stationary variance in N (eq. [8]).
Second, if is complex, so is the density-dependent re-l̃

productive value Z, formed from the corresponding left
eigenvector of the stability matrix. Environmental sto-
chasticity influences both the real and imaginary parts of
Z, which interact to influence the stationary variance of
the real part of Z (since eq. [3] then represents a pair of
coupled equations).

A linear model with no age structure offers the simplest
description of population fluctuations around an equilib-
rium, excluding short-term oscillations due to age-struc-
ture, and should be reasonably accurate provided that the
density-dependent reproductive value explains a large frac-
tion of the stationary variance in population size (eq. [8]).
An effective total stochasticity appropriate for use in such
a model can be derived to be consistent with the estimated
rate of return of population size toward equilibrium and
the estimated stationary variance in N, as in Sæther et al.
(2005). The rate of return of population size toward the
carrying capacity, as elaborated above, is .˜g p 1 � FFlFF
Given a small or moderate coefficient of variation of pop-
ulation size, the total stochasticity near equilibrium is ap-
proximately constant, . This would appear in a2 2j � j /Ke d

linear model with no age structure, analogous to equations
(3) and (5) but with Z replaced by N and with the en-
vironmental variance replaced by the effective total sto-
chasticity, giving

2
2j jd N2 2j � p (2g � g ) . (12)e ( )K K

The contribution of demographic variance near equilib-
rium, , can be calculated from equation (11) and an2j /Kd

estimate of K, and then compared with the effective total
stochasticity in equation (12).

Red Deer Population Dynamics

We used data from a food-limited population of red deer
living in the North Block of Rum, Scotland. All resident
individuals within the population are uniquely marked,
and life-history data have been collected on the marked
individuals since 1971. We use data on age-specific female
performance records in each year; for each female within
the population, we recorded her age, whether she survived
from May 15 in year t to May 14 in year , and thet � 1
number of female offspring she produced in May/June of
year t that survived to May 14 the following year. In this
population, females can give birth to only one offspring
per year, and most females of reproductive age do not
reproduce every year. The population was released from
culling in 1972 and increased in size until the early 1980s
when ecological carrying capacity was reached. Since then,
the population has fluctuated around carrying capacity
(Coulson et al. 2004). We use data for the period 1981–
2001. Full details of data collection have been published
elsewhere (Clutton-Brock et al. 1982). The solid trajectory
in figure 1 presents a simplified three-dimensional plot of
fluctuations in the age structure of the population, with
three life stages: 1 and 2 years old, 3 and 4 years old, and
5 years and older. The heavy solid line in figure 2 depicts
fluctuations in total population size.

Our quantitative analysis of the data deals with five age
classes of individuals ages 1, 2, 3, 4, and 5 or more years
old. The mean projection matrix over 20 annual transi-
tions, , with leading eigenvalue 1.026, only approximatesL
the equilibrium projection matrix , which must have aL̂
leading eigenvalue of unity (table 1).

The estimated stability matrix, in table 1,˜ ˆL p L � D
has eigenvalues displayed in table 2. The leading eigenvalue
is complex with modulus , so the strength˜FFlFF p 0.789
of density dependence is (0.0289,˜g p 1 � FFlFF p 0.211
0.385), with an approximate 95% confidence interval (in
parentheses) based on 10,000 bootstrap replicates, showing
that the estimate is significantly different from 0. Corre-
sponding to the leading eigenvalue are the right eigen-
vector w and transposed left eigenvector , the density-′v
dependent reproductive value vector (table 2). This has a
timescale for return toward equilibrium of years,1/g p 5
with damped oscillations at a period of 12 years. The es-
timated carrying capacity (174.3, 200.8) hasK p 187.8
fairly narrow confidence limits. Elements of the estimated
stable age distribution, u, necessarily decrease with age
until the last stage of 5 years and older (table 2).
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Figure 1: Annual fluctuations in age structure of female red deer on the Isle of Rum from 1981 to 2001 for a simplified life history grouped into
three stages: 1 and 2 years old, 3 and 4 years old, and 5 years and older. Thin solid line shows trajectory in three dimensions, with heavy straight
line through the equilibrium age structure at (46.85, 38.27, 108.68) in the direction of the real part of the scaled left eigenvector of the stability
matrix (density-dependent reproductive value vector; tables 1, 2). Dashed lines show two-dimensional projections onto the left and bottom faces
of the box.

The real parts of the density-dependent reproductive
value vector v and the rescaled vector have all positivec v
elements and are nearly colinear (table 2). Variance in the
real part of the density-dependent reproductive value Z
and its covariance with the real parts of the other eigen-
vectors explain 79.5% of the variance in the stationary
distribution of population size (eq. [8]). In contrast, any

of the other eigenvectors explains at most 30% of the
variance in N. It is therefore not surprising that the rescaled
density-dependent reproductive value fits fairly well to∗Z
fluctuations in the total population size N (fig. 2).

Although the density-dependent reproductive value
must be the linear combination of age classes with the
weakest restoring force toward equilibrium, g, for the red
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Figure 2: Total population size N (heavy solid line) and real part of the scaled density-dependent reproductive value (heavy dashed∗Z p zn/(zu)
line) for female red deer on the Isle of Rum from 1981 to 2001. Short solid lines and short dashed lines give annual predictions of N and ,∗Z
respectively, projected using equations (2) and (9).

deer the other eigenvalues have comparable modulus (ta-
ble 2). Thus, the primary reason why variance in Z explains
a high proportion of is that the real part of the density-2jN

dependent reproductive value vector has all positive com-
ponents (table 2), implying that it experiences the largest
environmental stochasticity (see “Strength of Density De-
pendence”). Figure 2 also shows that predicted annual
changes in the real part of (eq. [9]) are about equally∗Z
accurate in comparison to using the full stability matrix
(eq. [2]) to predict annual changes in N, although both
are subject to substantial stochasticity.

The small observed coefficient of variation in popula-
tion size, , helps to justify the application ofj /N p 11%N

our linearized model to this population. However, 20 years
of observed changes are at best barely adequate to describe
the stationary distribution of age structure in five dimen-
sions (condensed to three dimensions in fig. 1). Bootstrap
sampling of the residual vectors therefore provides only a
rough approximation of the statistical accuracy of the pa-
rameter estimates. Nevertheless, symmetry of the boot-
strap confidence intervals around the estimates of g and
K indicates that the estimates of the strength of density
dependence and the carrying capacity are nearly unbiased.

Because female red deer on Rum produce at most one
offspring per year, the demographic variance near equi-
librium can be calculated directly from the equilibrium
projection matrix using the binomial variance for in-L̂
dividual survival and reproduction in equation (11). Em-
ploying the average projection matrix in table 1 as an
estimate of gives near equilibrium. The con-2L̂ j p 0.170d

tribution of the demographic variance to the total stochas-
ticity near equilibrium, calculated using the estimated car-
rying capacity, is . The effective total2j /K p 0.000907d

stochasticity calculated from the estimated rate of return
toward equilibrium g and the observed coefficient of var-
iation of population size (eq. [12]) is 2 2j � j /K pe d

. Thus, demographic stochasticity contributes about0.0048
one-fifth of the effective total stochasticity near equilibrium.

Discussion

For annual time series of vertebrate populations over a
few decades, it is usually possible to detect statistically
significant density dependence (Lande et al. 2002a, 2002b;
Sæther et al. 2005). Beginning with a general life history
and allowing density dependence within and among age
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Table 1: Average projection matrix and estimated stability matrix for red deer on the Isle˜L L
of Rum, 1981–2001

L L̃

0 0 .0590 .2192 .2170 �.0379 .2674 .0441 .0473 �.2251
.8729 0 0 0 0 .7867 �.0384 �.0616 �.0580 .0121

0 .9124 0 0 0 .0616 .9734 .1328 �.1421 �.0725
0 0 .9196 0 0 .0198 �.1337 .9034 �.0604 �.0167
0 0 0 .9069 .8665 .1974 �.2387 �.2539 1.3562 .5185

Note: Based on 20 annual transitions of age structure.

classes, we propose that the total density dependence in
the life history should be measured by the rate of return
to the equilibrium or average age structure. Assuming
small or moderate fluctuations in population size and age
structure, we linearize the stochastic dynamics around the
equilibrium point. This facilitates estimation of key de-
mographic parameters of age- or stage-structured popu-
lation dynamics for species with different life histories.

For density-dependent populations, the key demo-
graphic parameters are the expected population size (or
carrying capacity) and the overall strength of density de-
pendence in the life history. We also show how to assess
the contribution of demographic variance to the total sto-
chasticity near equilibrium. Our approach contrasts with
other methods of analyzing stochastic population dynam-
ics that focus on partitioning the variance in annual pop-
ulation growth rate into contributions from variation in
age-specific vital rates and age-structure fluctuations (van
Tienderen 1995; Albon et al. 2000; Caswell 2000; Coulson
et al. 2005). Finally, we consider simplified models for
describing and predicting the dynamics of population size.

The present definition of the strength of density de-
pendence is based on the leading eigenvalue of the density-
dependent stability matrix for age-structured population
dynamics. This determines the asymptotic rate of return
to the equilibrium age structure following a perturbation
and also approximates in a stochastic context the rate of
return of the expected age structure to its equilibrium.
Application of our general model to population data re-
quires detailed time series on the full age or stage structure
to estimate elements of the stability matrix . The strengthL̃
of density dependence per year, g, is obtained as 1 minus
the modulus of the dominant eigenvalue of the stabilityl̃

matrix.
The data requirement of this model for multivariate

time series on population age structure is much more
stringent than for a related method of measuring density
dependence in a simplified life history, which requires only
a univariate time series of the adult population and basic
information on the life history (Lande et al. 2002a, 2002b).
Nevertheless, both methods consistently estimate the

strength of density dependence by the rate of return to
the equilibrium age structure g.

If is real and positive, the dynamics of population sizel̃

may be accurately described by a one-dimensional Mar-
kovian process for the density-dependent reproductive
value, assuming no temporal autocorrelation in the en-
vironment. But if is complex, so is the density-dependentl̃

reproductive value, and the description of environmental
stochasticity and population prediction then require at
least a two-dimensional process to account for interaction
between the real and imaginary parts of the complex re-
productive value. Under strong density dependence, an
accurate description of population fluctuations may in-
volve multiple eigenvectors, depending on the pattern of
environmental stochasticity.

We analyzed a 21-year time series of age structure for
red deer on the Isle of Rum with a small coefficient of
variation of total population size to estimate the stability
matrix (table 1). Despite the high accuracy of population
censuses within years, by comparison with the average
projection matrix (table 1) it appears that the matrix of
density-dependent coefficients D is subject to substantial
sampling error, with some estimated elements being neg-
ative instead of positive. Key parameters are more accu-
rately estimated, however, including the overall strength
of density dependence in the life history, , whichg p 0.211
is statistically significant, and the estimated carrying ca-
pacity, , which has a rather narrow confidenceK p 188
interval. The strength of density dependence in red deer
is comparable to that previously estimated from time series
of adult populations of birds and mammals (Lande et al.
2002a, 2002b; Sæther et al. 2005). Density dependence is
strong enough through the life history so that the leading
eigenvalue is estimated as complex (table 2), showing a
tendency for oscillations with a period of 12 years. How-
ever, this oscillation has only marginal statistical signifi-
cance ( that bootstrap estimates of are real)˜P p .055 l

and would not be readily observed because any fluctua-
tions are damped on a timescale of 5 years. The estimated
demographic variance is comparable to that2j p 0.170d

found for other long-lived vertebrate species (Sæther et
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Table 2: Eigenvalues , leading right and left eigenvectors and of the stability′l̃ w zj

matrix (table 1), estimated stable age distribution u, and rescaled density-L̃
dependent reproductive value vector ′cz

l̃j w ′z u a′cz

.6852 � .3915i .0652 � .2014i .0168 � .9130i .1245 .1145 � 2.3485i

.6852 � .3915i .1100 � .1310i .2982 � .9073i .1090 .8384 � 2.3119i
�.7477 .2051 � .1656i .7667 � .1816i .0980 1.9877 � .4075i

�.0541 � .6858i .2546 � .0614i .6729 � .2971i .0898 1.7088 � .8172i
�.0541 � .6858i .3650 � .5593i .3767 � .3316i .5787 .9437 � .8828i

Note: Five eigenvalues listed in order of decreasing modulus.
a Complex scaling factor .c p 1/(zu)

al. 2004). Although the average population size is not large,
the demographic variance contributes only about one-fifth
of the effective total stochasticity influencing population
size near equilibrium, , the great majority of2 2j � j /Ke d

which is due to environmental variance.
The real parts of the scaled density-dependent repro-

ductive value vector are all positive, so variation in this
direction should account for much of the environmental
stochasticity influencing total population size. The real
part of the total scaled density-dependent reproductive
value provides a fairly good approximation to the dynam-
ics of population size, giving 1-year predictions nearly as
accurate as using the full stability matrix (fig. 2). This
occurs because the real part of the density-dependent re-
productive value explains a large fraction of the variance
in the stationary distribution of population size (eq. [8]).
The real parts of the scaled and unscaled density-depen-
dent reproductive value vector are nearly colinear, with
the scaling factor c magnifying environmental stochasticity
(above eq. [9]), compensating for the unexplained vari-
ance in population size.

Our analysis of the red deer data demonstrates the fea-
sibility of estimating the overall strength of density de-
pendence in a life history from time series data on pop-
ulation size and age structure. With a carrying capacity
near 200, demographic stochasticity contributes a small
fraction of the effective total stochasticity near equilibrium.
We show that the density-dependent reproductive value
can provide a simplified description and prediction of pop-
ulation dynamics for a general life history in a stochastic
environment, similar to that developed for density-inde-
pendent populations (S. Engen, R. Lande, and B.-E.
Sæther, unpublished manuscript).
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